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Abstract. The notion of quasi boundary triples and their Weyl functions is 
an abstract concept to treat spectral and boundary value problems for ellip- 
tic partial differential equations. In the present paper the abstract notion is 
further developed, and general theorems on resolvent differences belonging to 
operator ideals are proved. The results are applied to second order elliptic dif- 
ferential operators on bounded and exterior domains, and to partial differential 
operators with <5 and <5'-potentials supported on hypersurfaces. 



The extension theory of symmetric operators in Hilbert spaces was one of the 
major advances in operator theory in the 20th century, which has numerous applica- 
tions to problems in mathematics and physics, among them, differential operators, 
moment and interpolation problems, to mention just a few. There are various 
approaches to the extension problem of symmetric operators, e.g. the use of defi- 
ciency subspaces as developed by J. von Neumann |68j and quadratic form methods 
as used by K.O. Friedrichs 38 . The extension theory was further developed by 
M. G. Krein [60], M.I. Vishik [79], M. Sh. Birman [18], G. Grubb [45], and T. Ando 
and K. Nishio [7J. Moreover, the papers [7j5] and [55] contain important applications 
to elliptic differential operators; see also [351 113 EE] ■ A more recent concept in ex- 
tension theory of symmetric operators is the notion of boundary triples introduced 
by A.N. Kochubei [ST], V. M. Bruk [25], and further studied by V.I. Gorbachuk 
and M. L. Gorbachuk [43], and V. A. Derkach and M. M. Malamud [31j[32]; a similar 
abstract concept was already proposed by J. W. Calkin |27j . 

In the approach with boundary triples self-adjoint extensions of a symmetric 
operator A in a Hilbert space T-L are described via abstract boundary conditions. 
Roughly speaking, two boundary mappings Tq, Ti are used, which are defined on 
the domain of the maximal operator (i.e. the adjoint A* of the symmetric operator 
A), map into an auxiliary Hilbert space Q (the space of boundary values) and satisfy 
an abstract Green identity 



where the inner products on the left-hand side are in 'H, the ones on the right-hand 
side are in the boundary space Q. The self-adjoint extensions Aq are characterized 
as restrictions of A* to the set of elements / satisfying the abstract boundary 
condition 
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1. Introduction 



(1.1) 



(A*f,g) - (f,A*g) = (T.f^g) - (T f,r l9 ) 



(1.2) 
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where Q is a self-adjoint linear relation in Q, i.e. a "self-adjoint" subspace of Q x Q 
(see Section 12.11 for a discussion about linear relations) . The theory of boundary 
triples was successfully applied in many situations, in particular, ordinary differ- 
ential operators, see, e.g. [15j [17l [22l [Ml EM [59] . For second order differential 
operators on an interval one usually chooses r to give Dirichlet data at endpoints 
of the interval and Ti Neumann data, or vice versa. 

For elliptic partial differential operators the same approach with the boundary 
mappings Tq and T± as the Dirichlet trace and the conormal derivative, respec- 
tively, leads to serious difficulties since Green's identity does not make sense on 
the whole domain of the maximal operator. Moreover, a surjectivity condition for 
the boundary mappings that is imposed for boundary triples is also not satisfied. 
Based on ideas from [45] , a boundary triple with regularized versions of trace and 
conormal derivatives was used for elliptic operators in [331 (Ml EH]. However, in 
order to work with the usual trace and conormal derivative, a generalization of the 
notion of boundary triples was introduced in |14| : quasi boundary triples. In this 
setting the boundary mappings To and T± are not defined on the whole domain 
of the maximal operator A* but only on the domain of some restriction T whose 
closure is A*; the abstract Green identity (11.111 holds then with A* replaced by T. 
For elliptic operators on a bounded domain f2 one can choose T, for instance, to be 
defined on H 2 (tt), and therefore also the boundary mappings are defined on H 2 (tt), 
which is much smaller than the maximal domain. The aim of the current paper 
is to develop the theory of quasi boundary triples further and use it to prove new 
results in spectral theory. We apply these results to elliptic operators on bounded 
and exterior domains and to partial differential operators with 8 and ^'-potentials 
supported on hypersurfaces in R". 

In the following, let A be a symmetric operator in a Hilbert space % and let 
{£?,ro,ri} be a quasi boundary triple for A* = T, see also Definition 13.11 Besides 
formula (jl.ll) with A* replaced by T and a density condition on the range of the 
boundary mappings Tq and Ti, it is also assumed in the definition of a quasi 
boundary triple that the restriction Aq of T to kerTo is a self-adjoint operator. 
This operator is often used as a reference extension of A which other extensions 
of A are compared with. A very important object that is associated with a quasi 
boundary triple is the Weyl function M(A), which, for A £ p{Aq), is an operator in 
Q that satisfies 

r 1 / = M(A)r /, 

for / 6 ker(T — A). Hence M(A) connects the two "boundary values" Tof and T±f 
for solutions of the equation Tf = A/. In our treatment of elliptic operators in 
Sections 14.11 and 14 . 2 1 it will turn out that M(A) is the Neumann-to-Dirichlet map. 

In the quasi boundary triple framework a self-adjoint relation in Q as abstract 
boundary condition in (|1.2j) does not automatically induce a self-adjoint restriction 
Aq of T in H (as is the case for boundary triples) but only a symmetric operator 
Aq. In Theorem 13 . 131 we provide a sufficient condition on the Weyl function M(A) 
and 9 so that the operator Aq becomes self-adjoint. Applied to elliptic operators, 
this theorem yields a wide class of local and non-local boundary conditions for 
which there exists a self-adjoint realization in an ff 2 -setting (Theorem 14.51 and 
Corollary 14.61) . The proof of Theorem 13.131 uses Krein's formula, in which the 
resolvents of Aq and Aq are compared, namely 

{A @ - A)- 1 = {Ac - A)- 1 + 7 (A) (9 - M(A)) _1 7(A)*, 

where 7(A) is the 7-field and maps elements tp 6 ran To C Q onto solutions / of 
Tf = Xf with Tof = ip; see Theorem l3.10l Actually, we provide the formula also in 
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the case when Aq — A is not necessarily surjective but only injective and A £ p(Ao); 
the formula then has to be read so that it is applied only to elements in ran (A@ — A). 

Krein's formula is also an important ingredient in the proofs of the results of the 
core section f3. 31 in the abstract part of the present paper. There we prove spectral 
estimates for resolvent differences, in particular, the resolvent difference 

(1.3) (A e - X)- 1 - (A - X)- 1 

of a self-adjoint extension Aq described by an abstract boundary condition (ll.2[) 
and the fixed self-adjoint extension Aq. More precisely, we prove that the resolvent 
difference is in some operator ideal provided that 7(A)* is in some related operator 
ideal; see Theorem 13.151 and the following theorems. The use of operator ideals 
gives a very general tool to study resolvent differences but includes, in particular, 
spectral estimates of Schatten-von Neumann type, i.e. that the singular values Sk 
of (fOl) satisfy 

00 

Sk = 0(k~ r ) or Sk — o(fc~ r ), k — > 00, or < 00 

fe=i 

for some r > or p > 0. We investigate also the resolvent difference of Aq 1 and Aq 2 
for two abstract boundary conditions 0i, 02 under some assumptions on 0i — ©2; 
see Theorem l3~22l 

As mentioned above the first class of operators to which we apply our abstract re- 
sults is connected with elliptic partial differential expressions; we study expressions 
of the form 

on a domain S7 in 1™ with compact C°°-boundary 9S1. The domain S7 itself is 
allowed to be either bounded or the complement of a bounded set. We define the 
associated operator T on i/ 2 (SI) if SI is bounded, and on a set of functions which 
are in H 2 in a neighbourhood of <9S7 if Q, is unbounded; for details see Definition 14. II 
For the space of boundary values Q we choose L 2 (<9S1), and the boundary mappings 
are defined by 



r f- df 

1 oJ — a — 



df_ 

3,k=l 



and T 1 f = f 



where n{x) — (m(x), . . . , n n (x)) T is the unit vector at the point x £ dfl pointing 
out of ft. After having established in Theorem 14 . 2 1 that {L 2 (dfl), To, Fi} is a quasi 
boundary triple, we apply our abstract results from Section [3] In Theorem 14.51 we 
prove that, for an arbitrary bounded self-adjoint operator B in L 2 (dil) that satisfies 
B(H 1 (dfl)) C H 1 ^ 2 (dfl), the elliptic expression C together with the boundary 
condition 

(1-5) B (fU = ° j 



dv c 



nil 



gives rise to a self-adjoint operator L 2 (S1) whose domain consists of functions / 
which are in H 2 in a neighbourhood of the boundary <9S7. The boundary condition 
in (11.51) corresponds to the abstract boundary condition p.2j) with = B^ 1 and 
contains a large class of Robin boundary conditions but also non-local boundary 
conditions. 

In order to describe our main results on spectral estimates of resolvent differences 
of elliptic operators, we use the following notation here in the introduction. We 
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write 

(1.6) ffi — H 2 , 

if the singular values Sk of the resolvent difference (Hi — A) -1 — (H 2 — A) -1 of two 
self-adjoint operators Hi, H 2 satisfy Sk — 0(k~ r ), k — > oo, for all A £ p(H\)r\p(H2). 
In Theorem 14.101 we prove that 

3 

(1.7) A N "- 1 Ae, 

where A-^ is the Neumann realization of C and is a self-adjoint relation in L 2 (dVL) 
so that er CS s(@) and A<~> is self-adjoint. For instance, O = -B -1 with a bounded 
self-adjoint B as above, i.e. the partial differential operator with boundary condition 
(|1.5p , leads to (|1.7p . A slightly weaker result for the Laplacian on bounded domains 
was proved in [IB]. M. Sh. Birman [115] proved that 

2 

A& An, 

and later M. Sh. Birman and M. Z. Solomjak [2B] and G. Grubb [H [SB] further 
investigated this relation and obtained the exact spectral asymptotics of the resol- 
vent difference. In general, the operator Aq as above is closer to the Neumann 
operator ^4n in the sense of fj 1 . T[) then to the Dirichlet operator A-q- If n = 2 or 
n = 3, then the resolvent difference of A^ and Aq is a trace class operator by (|1.7[) : 
in Corollary 14 . 1 2 1 we obtain a trace formula for this resolvent difference, which in- 
volves the Neumann-to-Dirichlet map and 0. We can compare also two operators 
with non-local boundary conditions AQ t , Aq 2 under some assumption on ©i — 02, 
namely in Theorem 14. 151 if Sfe(©i — ©2) = 0(k~ r ), k —> 00, then 

Aq 1 Aq 2 . 

The second class of operators we study and to which we apply our abstract results 
contains elliptic operators on E™ with additional 6 and ^'-potentials which are 
supported on a bounded C°°-hypersurface S, which splits M" into two components: 
an interior domain f2j, which is bounded, and an exterior domain tt c . 

The spectral theory of Schrodinger operators with ^-potentials on surfaces is 
developed since the late 80s; see, e.g. the papers [HI [HJ 1331 GUI 133 133 HB] ■ Never- 
theless, several questions remained open. One of the open questions is to find the 
domain of self-adjointness of the operator with (5-potential in the scale of Sobolev 
spaces under suitable assumptions on the smoothness of the strength of the poten- 
tial. Another question pointed out by P. Exner in his survey paper 33J is to find a 
way how to treat ^'-potentials on surfaces. The case of ^'-potentials is more difficult 
than that of ^-potentials because that kind of perturbations are not form-bounded; 
see [3"3"] . 

In Section l4~3l we use quasi boundary triples and our abstract results from Sec- 
tion [3] to construct self-adjoint operators Ag t0l and A$i_p that are differential op- 
erators connected with an elliptic expression C as in (|1.4[) on M™ with interface 
conditions 



/e|s = fi\ 



dfi 



dfe 



and 



dfi dfe , 1 , 1 a df e 

7e|E — Tils 



respectively, where /; and f c are the restrictions of / to Oi and fi e ; here a and j3 
are real- valued functions in C 1 (E) with j3 ^ on £ (see Theorem 14. 1T[) . These 
operators can be interpreted as operators with additional 5 and ^'-potentials of 
strengths a and /3, respectively. Finally, we compare these operators with the 
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elliptic operator Af ICC on R™ associated with C and the direct sums, As i © ^4n,c, 
^4-D,i © ^4d,g, of the Neumann and Dirichlet operators on the interior and exterior 
domains. Using our abstract results on resolvent differences we obtain 

3 2 3 2 

^N,i ® ^N,e - —As',0— —Af Iee - —As <a - — A D ,i©^lD,c, 

where we used the notation from f| 1 . 6[) ; see (|4.26l) and Theorems 14.191 and 14.201 

We mention here that, independently, V. Ryzhov developed a concept that has 
similarities to the concept of quasi boundary triples in [75, 76_. Moreover, for exten- 
sion theory of elliptic operators on non-smooth domains and Dirichlet-to-Neumann 
maps we refer to the recent contributions [H El UHl I3H1 SOI SH E3] - Spectral 
properties of resolvent differences using pscudodiffcrcntial methods were recently 
also studied in [53J OH]- Let us also mention other generalizations of boundary 

triples, e.g. [TQ m H2 132 M M M M EH EH ■ 

The contents of the paper is as follows. In Sections 12.11 and 12.21 we recall some 
preliminary material on linear relations and operator ideals, and prove some lem- 
mas that are needed later. Our abstract results are contained in Section [3J In 
Section 13.11 we recall the concept of quasi boundary triples and some basic facts 
and complement these with some results, e.g. about the imaginary part of the Weyl 
function. We formulate and prove our results also for non-densely defined symmet- 
ric operators and relations. Section [3.21 contains the statement and proof of Krein's 
formula (Theorcm l3.10l) and its application to self-adjointness of certain extensions 
(Theorem I3.13p . Section 13.31 comprises abstract theorems answering the question 
when resolvent differences of different extensions are in some operator ideal. The 
main results from Section 13.31 are generalised to dissipative and accumulative ex- 
tensions in Section 

In Section 14.11 we construct a quasi boundary triple for elliptic operators on 
bounded and exterior domains and construct self-adjoint realizations with non- 
local boundary conditions. Section 14.21 contains the results on spectral estimates 
for resolvent differences of different self-adjoint realizations of the elliptic expression. 
As a consequence we can also estimate differences of eigenvalues of these self-adjoint 
realizations (Proposition ^. lTj) . Moreover, we prove a trace formula, which involves 
the derivative of the Neumann-to-Dirichlet map and the operator that appears in 
the boundary condition. Finally, in Section |4"T31 we consider elliptic operators with 
5 and (^'-potentials, where we construct self-adjoint realizations and prove spectral 
estimates for resolvent differences. 



2. Preliminaries 

2.1. Notation and linear relations. Throughout this paper let (T-L, (•,•)) an d 
(Q, (•, •)) be Hilbert spaces. In general H and Q are allowed to be non-separable, 
but in some theorems separability is assumed. The linear space of bounded linear 
operators defined on 7i with values in Q is denoted by B(H,Q). If % = Q, we 
simply write B(H). We shall often deal with (closed) linear relations in 7i, that 
is, (closed) linear subspaces of H X H- The set of closed linear relations in H is 
denoted by C('H), and for elements in a relation we usually use a vector notation. 
Linear operators T in T~i are viewed as linear relations via their graphs. The domain, 
range, kernel, multi- valued part and the inverse of a relation T in H are denoted 
by domT, ranT, kcrT, mulT and T , respectively: 

domT := j/ eH:3f with fj^j e T 

f 
f 



ranT := if EH: 3/ with ( { ] G T 
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kerT:= j/GH: (A G tJ , 

mul T 

T -i 

Let S G C("H) be a closed linear relation in H. The resolvent set p(S) of 5 is 
the set of all A G C such that (S — A) -1 G B(H); the spectrum a(S) of 5 is the 
complement of p(S) in C. A point A G C is an eigenvalue of a linear relation S" 
if ker(5 — A) =/= {0}; we write A G o~ p (S). For a linear relation 5* in H the adjoint 
relation S* G C(%) is dehned as 

S* := { (j,) : (/',<?) = (/,</) for all G s} . 

Note that this definition extends the usual definition of the adjoint of a densely 
defined operator. A linear relation S in H is said to be symmetric {self- adjoint) if 
S G S* (S = S* , respectively). Recall that a symmetric relation is self-adjoint if 
and only if ran (S — A±) = H holds for some A + G C + and some A_ G C~, where 
C f := {zeC: ± Imz > 0}; in this case we have ran (S - A) = H for all A G C\K. 

For a self-adjoint relation S = S* in H the multi- valued part mul S is the or- 
thogonal complement of domS in T-L. Setting T-L op '■= domS 1 and Hoc = mulS* 
one verifies that S can be written as the direct orthogonal sum of a (in general un- 
bounded) self-adjoint operator S op in the Hilbert space Ti -p and the "pure" relation 
Soo — {(/') : /' € mulS 1 } in the Hilbert space Tioo, 

S = S p ® 5*C30: 

with respect to the decomposition Ti = T-L op ffi Tioo- We say that a point A G 
K belongs to the essential spectrum a css (S) of the self-adjoint relation S if A G 
cr ess (S'op). The essential spectrum of a closed operator T in Ti. is the set of A G C 
such that T — A is not a Fredholm operator. 

2.2. Operator ideals and singular values. In this section let Ti and /C be separa- 
ble Hilbert spaces. Denote by &oo(H, K.) the closed subspace of compact operators 
in B(H, /C); if Ti = fC, we simply write & 00(H). We define classes of operator ideals 
along the lines of [7T] . 

Definition 2.1. Suppose that for every pair of Hilbert spaces H, K, we are given a 
subset 2t("H, K.) of &oo(H, AC). The set 

21 := |J 

"H,/C Hilbert spaces 

is said to be a class of operator ideals if the following conditions are satisfied: 

(i) the rank-one operators x 1— > (x, u)v are in %(H, AC) for all u G H, v G AC; 

(ii) A + Be 2l(H, AC) for A, B G 2t(W, AC); 

(iii) CAB g 2l(-Hi,ACi) for A g Ql(H,K), B e B(H\,H), C g B(K,Ki). 
Moreover, we write %(H) for Ql(H,H). 

If 21 is a class of operator ideals, then the sets 2l(H,AC) are two-sided operator 
ideals for every pair H, fC; for the latter notion see also, e.g. [33J[7D]. For two classes 
of operator ideals 21, *8 we define the product 

2t • 03 := {T : there exist A G 2t, B G *B so that T = AB) 
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and the adjoint of 21 by 

21* := {A*: Ae 21}. 

These sets are again classes of operator ideals; see [7T]. The elements in the product 
21 • 03 arc denoted by (21 • 03) (H, K), so that 

21-03= |J (a-!8)(W,/C)= (J a(0,/C)-«8(W,0), 

"H,/C Hilbcrt spaces 'H,/C,C/ Hilbcrt spaces 

where the products 2l(C?, • 03(%, Q) arc defined by 

»(</,£) ■<B{U,Q) = {T: there exist A G 3(5,^,5 6 03(^,0) so that T = AS}. 

Later also the notation 2T(/C, H) := {A* : A G 2l(%, /C)} will be used. Observe that 
the adjoint 21* of 21 can be written in the form 

21* = (J 2T(/C,H). 

■H./C Hilbcrt spaces 

The next lemma is used to extend assertions about resolvent differences from 
one A to a bigger set of A. 

Lemma 2.2. Let 21 be a class of operator ideals. Moreover, let H and K be closed 
linear relations in a separable Hilbert space W. If 

(2.1) {H - X)- 1 - (K - X)- 1 e Vl(H) 

for some X G p(H) n p(K), then (12TT1) holds for all X G p(H) n p{K). 
Proof. Let X,p£ p(H) fl p(K ) and define 

E := 1+ (m - A)(H - A*) -1 , F := I + (p — X){K - p)' 1 , 
which are both bounded operators in %. The resolvent identity implies that 

E(H - X)- 1 = (H - p)- 1 and (K - X)~ 1 F = {K - p)' 1 . 
Using this and the definition of E, F one easily computes 

(H py 1 (K p)- 1 =E((H- A)- 1 - (K A)- 1 ) F, 
Now the assertion follows from the ideal property of 21(H). □ 

Recall that the singular values (or s-numbers) Sk(A), k = 1,2,..., of a com- 
pact operator A G 6oo(%)^) are defined as the eigenvalues Afc(|j4|) of the non- 
negative compact operator \A\ — (A*A)z G &oo(H), which are enumerated in 
decreasing order and with multiplicities taken into account. Note that for a non- 
negative operator A G &oo(U) the eigenvalues Xk(A) and singular values Sfc(A), 
k = 1, 2, . . . , coincide. Let A G 6 00 ('H, and assume that % and K are infinite di- 
mensional Hilbert spaces. Then there exist orthonormal systems {ipi, (f2, ■ ■ ■} and 
{ipi,ip2, ■ . ■ } in H and /C, respectively, such that A admits the Schmidt expansion 

CO 

(2.2) A = J2 s k(A)(-,tPk)ipk- 

fc=i 

It follows, for instance, from (|2.2D and the corresponding expansion for A* G 
SoofKjH) that the singular values of A and A* coincide: s/-(A) = Sk(A*) for 
fe = 1,2,...; see, e.g. [42, II. §2. 2]. Moreover, if Q and £ are separable Hilbert 
spaces, B G B(Q,H) and C G B(1C,£), then the estimates 

(2.3) fl fc (AB) < ||B||« fc (i4) and s fe ((L4) < ||C||s fc (A), fc = l,2,..., 
hold. If, in addition, B G & o(G,'H) we have 

(2.4) 

^m+n— 1 

(AB) < s m (A)s„(B), m,n = 1,2.... 
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The proofs of the inequalities (|2.3[) and (|2.4p are the same as in [?3J II. §2.1 and 
§2.2] where these facts are shown for operators acting in the same space. 
Recall that the Schatten-von Neumann ideals & P (H,1C) are defined by 

6 p (H,/C):=|^e6 oc (H,/C): f^( Sk (A)f < oo\ , p>0. 

k=l ' 
Besides the Schatten-von Neumann ideals also the operator ideals 

&r,vo(n,)C) := {A G s k {A) = 0(fc~ r ), k -y oo}, 

r > 0, 

ei%(n,JC) ■= {A G £): s fe (A) = o(fc- r ), fc -> oo}, 

will play an important role later on. The sets 

& p := (J 6 P («,X:), 6 r ,oc := |J 6 r>0 o(«,X:), := |J 6^(H,/C) 

W,/C HX U.K. 

are classes of operator ideals in the sense of Definition I2.ll 

We refer the reader to [42, III. §7 and III. §14] for a detailed study of the classes 
&p, ©r,oo and ©r°oo. We list only some basic and well- know properties, which will 
be useful for us. It follows from Sk(A) = Sk(A*) that 6* = & p , &* ^ = & r ,oo and 

(6$o)* = 6$oh0ld. 

Lemma 2.3. Let p, q,r, s > 0. Then the following relations are true: 

(i) & p C ef} l oo C 6 p -i i00 ; 

(ii) 6 r ,oo C & q for all q > r^ 1 ; 

(iii) ©r,oo ' ©s,oo — ©r+s, oo ? 



(iv) ©a-6il = e( 0) 



(v) G p -6 q = 6 r if 1 = 1 + 1 



r+s, oo ' 

Proof. The first inclusion in (i) is a consequence of the fact that J2( s k(A)) p < oo 
implies k(sk(A)) p —> for k — > oo, and the second inclusion is clear. Assertion (ii) 
follows immediately from the definitions. In order to verify (iii) let r, s > and let 
A G ©r.ooCW, K) and B G 6 s ,oo(£, %), that is, the inequalities s n (A) < c a n~ r and 
s n (B) < Q,n~ s , neN, hold with some constants c a ,c& > 0. From (|2 .4|) we obtain 

s 2n (AB) < s 2n ^(AB) < s n (A)s n (B) < ^ < < ~ V "''' 



(2n) r + s - (2n- l)''+ s ' 

which implies AB G & r +s,oo{G, 1C). In order to show equality, let A G 6 r+SiOC (7{, X]) 
with Schmidt expansion 

A = y] Sfc(A)( • , yfc)-0fc. 

Define operators B: H ^ IC and C : H -> H by 

S = ^( Sfc (A))*(-,^)^ fc , C = ^(s fe (^))*(-,^ fc . 

fc fc 

The relations A = BC, B G 6r,<x> C G & a , ao (%'H) show that A G © r ,oo ■ 

©s.oo- The same arguments as in (iii) can be used to show (iv). The inclusion "C" 
in (v) follows from [42, III. §7. 2]. The converse inclusion follows in a similar way as 
in (iii). □ 

Sometimes we need also the notion of a symmetrically normed ideal: a two-sided 
ideal 21(7^, Q) is a symmetrically normed ideal if it is a Banach space with respect to 
some norm || • || a such that ||CAB|| a < ||C|| ||A|| a ||-B|| for A G %{U, Q), B G B(H), 
C G B{Q) and \\A\\x = Sx{A) for rank one operators A; see [H III.§2.1,§2.2]. If a 
class of operator ideals consists of symmetrically normed ideals, then we call it a 
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class of symmetrically normed ideals. The classes & p , & r ,oo and @r,oa are classes 
of symmetrically normed ideals for p > 1 and r < 1; see [HI III. §7 and §14]. 
The following lemma is needed in the proof of Proposition 13. 71 

Lemma 2.4. Let 2l((?) be a symmetrically normed ideal of B(Q), let C G B(T~l) and 
assume that A £ admits the factorization A = B* B with B G B{Q, Ti). Then 

also B*CB € &(«?). 

Proof. If 5 is finite-dimensional, then the assertion is trivial. So let us assume 
that Q is infinite-dimensional. Observe first that (sfc(A))2 = Sk(B) = Sk(B*) and 

Afe(A) = Sfc(A) hold for all k = 1, 2, Together with (|2.4[) and the first inequality 

in (|2.3I) we obtain 

s 2n (B*CB) < s 2n ^(B*CB) < s n (B*)s n (CB) < \\C\\s n (A) 

for n = 1,2,.... Let us write the non-negative compact operator A G in the 

form 

oo 

a = A fc (A)(- ,(pk)<Pk 

k=l 

with an orthonormal bases {<pi, ip 2 , . . .} of eigenvectors corresponding to the eigen- 
values Xk(A). 

Define operators V\, V 2 G B{Q) by 

( y>2k-i !->■ Vk, ( v>2k-i i-> o, 

Vi : ^ y 2 : < k G N. 

Then the non-negative operator 

oo 

A := ViAV* + V 2 AV 2 * = £ A fc (A)((- , pak-iW-i + (• , ¥>2k)P2fc) 

fc=i 

belongs to 21(5), and its eigenvalues satisfy X 2n -i(A) — \ 2n (A) = X n (A). Hence 
we have Sk{B*CB) < ||C||sfe(A), k = 1,2,..., and the claim follows from [HI 
III.§2.2]. □ 

3. Quasi boundary triples and Krein's formula 

3.1. Quasi boundary triples, 7-fields and Weyl functions. The notion of 
quasi boundary triples was introduced in connection with elliptic boundary value 
problems by the first two authors in [14] as a generalization of the notion of ordinary 
and generalized boundary triples from [251 (351 EH 1221 SSI 021 [S3] • We emphasize 
that a quasi boundary triple is in general not a boundary relation in the sense of 
[28] , Let us start by recalling the basic definition from [T4"] . 

Definition 3.1. Let A be a closed symmetric relation in a Hilbert space {%, (•, •)). 
We say that {Q,Yq,Yi\ is a quasi boundary triple for A* ifTo and Ti are linear 
mappings defined on a dense subspace T of A* with values in the Hilbert space 
(G, (•, •)) such that T := : T — >• Q x Q has dense range, kerTo is self-adjoint and 
the identity 

(3.1) (/', g) - (/, g') = TV, T g) - (T f, T l9 ) 

holds for all f = (/,),£=(») G T. 

We recall some basic facts for quasi boundary triples, which can be found in 
|14) . Let A be a closed symmetric relation in the Hilbert space %. We note first 
that a quasi boundary triple for A* exists if and only if the deficiency indices 
n±{A) = dimkcr(A* =F i) of A coincide. In the following, let {(J, To, Til be a quasi 
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boundary triple for A* . Then A coincides with kerT = kerTo Piker Ti and T = (p°) 
regarded as a mapping from TL x TL into Q x Q is closable, cf. [HI Proposition 2.2]. 
Furthermore, as an immediate consequence of (13.1[) . the extension A\ :— kerTi is 
a symmetric relation in TL. 

The next theorem (cf. [T3J Theorem 2.3]) contains a sufficient condition for a 
triple {G, Tq, Ti} to be a quasi boundary triple. One does not have to show that T 
is dense in A*, but this follows from the theorem. Moreover, one only has to show 
that kerTo contains a self-adjoint relation. 

Theorem 3.2. Let TL and Q be Hilbert spaces and let T be a linear relation in TL. 
Assume that To,ri : T — > Q are linear mappings such that the following conditions 
are satisfied: 

(a) kerTo contains a self-adjoint relation; 

(b) r '.— (p°) : T — > Q x Q has dense range; 

(c) identity holds for all f = (j), g = { 9 g ) G T. 
Then the following assertions hold. 

(i) A :— kerT is a closed symmetric relation in TL and {Q,Tq,Ti} is a quasi 
boundary triple for A* ; 

(ii) T = A* if and only i/ranT = Q x Q. 

Let again A be a closed symmetric relation in TL and let {Q,Tq, Ti} be a quasi 
boundary triple for A* with T — domT. Next we consider extensions of A which 
are restrictions of T defined by some abstract boundary condition. For a linear 
relation 9 C Q x Q we define 

(3.2) A e :={/er : r/e0}=r 1 (0). 

If C Q x Q is an operator, then we have 

(3.3) ^ e = ker(r! -er ), 

and (|3.3|) holds also for linear relations O in Q if the product and the sum on the 
right-hand side are understood in the sense of linear relations. Observe that the 
self-adjoint relation Aq :— kerTo corresponds to the purely multi- valued relation 
O = CP 1 = {(°) : g G G} in Q. This little inconsistency in the notation should not 
lead to misunderstandings. It is not difficult to see that O C O* implies Aq C Aq. 
However, in contrast to ordinary boundary triples, self-adjointness of O does not 
imply self-adjointness or essential self-adjointness of Aq; cf. [131 Proposition 4.fl] 
for a counterexample, [TH Proposition 2.4] and Theorem 13.131 below for sufficient 
conditions. 

In the following we set Go '■= ran To and Gi '■— ranTi. Because ranT is dense in 
G x G, it follows that Go and Gi are dense subspaces of G- Since Ao ■= kerTo C 
T = domT is a self-adjoint extension of A in TL, the decomposition 

T = Ao +Afx, T , ttx.T ■= | k^J : fx G Mx{T) := ker(T - A) 

holds for all A G p(A ). Here + denotes the direct sum of the subspaces A and 
N\,T- It follows that the mapping 

(To \ Mx,t) ■ Go 

is well defined and bijective. Denote the orthogonal projection in TL © TL onto the 
first component of TL © TL by ni . 
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Definition 3.3. Let A be a closed symmetric relation in % and let {G ,^0i^i\ 
be a quasi boundary triple for A* with Ao — kerlV Then the (operator-valued) 
functions 7 and M defined by 

7 (A) :=7ri(r \ Aj)"' and M{\) :=Y 1 {Y Q \ Afx, T )~\ A G p(A ), 
are called the 7-field and Weyl function corresponding to the quasi boundary triple 

Note that 7(A) is a mapping from Go to %, and M(A) is a mapping from Go 
to Qi C G for A G p{Ao). These definitions coincide with the definition of the 
7-field and Weyl function or Weyl family in the case that {G, To, Ti} is an ordinary 
boundary triple, generalized boundary triple or a boundary relation as in [28ll29ll3Tl 
IB"!?] . In the next proposition we collect some properties of the 7-field and the Weyl 
function of a quasi boundary triple, which are extensions of well-known properties 
of the 7-field and Weyl function of an ordinary boundary triple. The first six items 
were stated and proved in [TJ1 Proposition 2.6]. 

Proposition 3.4. Let A be a closed symmetric relation in T~L and let {G,Tq,Ti} be 
a quasi boundary triple for A* with 7 -field 7 and Weyl function M . For A, p G p{Aq) 
the following assertions hold. 

(i) 7(A) is a densely defined bounded operator from Q into W with domain 
dom7(A) = Go, 7(A) G B(Q,'H), the function A 1— > j(X)g is holomorphic on 
p{Ao) for every g G Go> and the relation 

7(A) = (/+(A- M )(Ao-A)- 1 )7( / i) 

holds. 

(ii) 7(A)* G B(H,G), ran7(A)* C Gi and for all h G % we have 

{A -X)- l h 
SI + \{Aq - A)- 1 )/!, 

(hi) M(A) maps Go into Gi- If, in addition, A\ := kcrTi C T is a self-adjoint 
relation in % and A G p(A\), then M(\) maps Go onto Q\. 

(iv) M(A)r / A =Tjx for all fx G tf x ,T- 

(v) M (A) C M(X)* and M(A) - M{p)* = (A - 7J) 7 (^)*7(A). The function 
A 1— > M(X) is holomorphic in the sense that it can be written as the sum 
of the possibly unbounded operator KeM(fi) and a bounded holomorphic 
operator function, 

M (A) = ReM(fi) 

+ 7 (m)*((A - Re M ) + (A - M )(A - m)(^o - A)- 1 ) 7 (m)- 

(vi) ImM(A) = ^r(M(X) — M(X)) is a densely defined bounded operator in G- 
For X G C + (C~) the operator ImM(A) is positive (negative, respectively). 

(vii) For x G Go, the function X > M(X)x is differ entiable on p{Ao) and 

(3.4) ^ M(A)x = ^)*< X ) x i X G PiM 

Proof. Since (i)-(vi) were already proved in [21 Proposition 2.6], we only have to 
show (vii). Let x € Go an d Ao, A G p(Ao). It follows from (v) with fi = Xo that 

-l—(M(\)x - M(Xo)x) = -l—(M(X)x - M(Xo~y X ) = 7 (A^)*7(A)a;. 

A — Ao A — Ao 

If we let A — > Xo, then the right-hand side converges, which shows that the derivative 
exists and that (13.41) is true for A replaced by Aq. □ 



y(X)*h = T 1 
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Remark 3.5. Note that the closure of the operator on the right-hand side of (|3.4[) 
is t(A)*7(A), which is in B(Q). Hence also -^rAf(A) has a bounded, everywhere 
defined closure, which we denote by Af'(A). With this notation we have the identity 



(3.5) M'(A)= 7 (A)*7(A). 

The next lemma on the closure of the values Af (A) of the Weyl function Af will 
be useful in Sections 13.21 and 13.31 

Lemma 3.6. Let A be a closed symmetric relation in % and let {G ,Tq,Yi} be a 
quasi boundary triple for A* with Aq = kerTo, j-field 7 and Weyl function M. If 
M(\q) is bounded for some Xq G p(Aq), then Af(A) is bounded for all X G p(Aq). 
In this case, 

(3.6) — !— ImM(A) > 0, Ag 
1m A 



and, in particular, ker M (A) = {0} for X G 

Proof. It follows from Proposition I3.4f v) that M(X) is bounded for all A G p{Aq) 
if M(Ao) is bounded for one Ao G p{A ). For the inequality (I3.6p . assume without 
loss of generality that ImA > 0. Observe that ImAf(A) = ImAf(A) since Af(A) 
is bounded. It follows from Proposition I3.4l yi) that ImAf(A) > 0. Hence it is 
sufficient to show that 



(3.7) ker(lmAf(A)) = {0}. 



Let x G ker(ImAf(A)) = ker(Im Af (A)). Then there exist x n G domAf(A) so that 
X " 7 X and (ImM(A))x„ — > when n — > 00. By Proposition 13. 4f v) we have 

((IxnM(X))x n ,x n ) = ((ImA) 7 (A)*7(A)2; n ,x n ) = (Im A)|| 7 (A)x„|| 2 , 
and since ImA ^ 0, this implies that 7(A)a;„ — > 0. Let u n := ( w^w* ); then 

U n G M\t, « n — > 0, and Tqu 71 — x n — )• x for n — > 00. 

Moreover, by Proposition I3.4f iv') and the boundedness of Af (A) we obtain that 
T\u n = M(X)Tou n — M(X)x n — > Af(A)a; when n — > 00, and therefore 

(r u n \ f x \ 

\TlUn) \M(X)x) 

Now u n — > and the closability of V imply that x = 0, that is, (|3.7p holds. The 
last assertion follows easily from (I3.6[) . □ 

For the rest of this subsection we assume that A is a closed symmetric relation 
in a separable Hilbert space %. If {S', To, Til is a quasi boundary triple for A*, 
then also the Hilbert space Q is separable. The following proposition shows that, 
roughly speaking, the property of 7(A), 7(A)* and Af (A) belonging to some two- 
sided operator ideal is independent of A. 

Proposition 3.7. Let Abe a closed symmetric relation in a separable Hilbert space 
H and let {£/,ro,ri} be a quasi boundary triple for A* with Aq = ker To, "/-field 
7 and Weyl function Af . Moreover, let 21 be a class of operator ideals. Then the 
following assertions are true. 

(i) // 7 (A ) G %{g,H) for some A G p(A ), then 7IT) G %{Q,U) for all 
A G p(A ). 

(ii) // 7 (A )* G 9L*(H,Q) for some A G p(A ), then 7(A)* G ^*{H,G) for all 
X G p(A ). 
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(iii) Assume that 21 is even a class of symmetrically normed ideals. If M(Ao) G 
21(0) for some A € C\R, then M(A) G 21(0) /or aZZ A G p(A ). 

Proof, (i) It follows immediately from / + (A — Xo)(Aq — A) -1 G B(H) and Propo- 
sition [sElfi) that 

7(A) = (7 + (A — A )(^o - A)- 1 )^) 
holds for all A, A £ p(Aq). The ideal property directly implies the assertion. 

(ii) If 7 (A )* G 9L{H,g), then 7 (A ) = 7 (A )** G 2t*(0,H). By (i) this implies 
that 7 (A) G 21* (0, U) for all A G p(A ) and hence 7 (A)* G 2l(H, 0) for al l A € p( A ). 

(iii) Assume that M(A ) G 21(0) for some A G C\R. Then also ReM(A ) and 
ImM(Ao) belong to 21(0), and by Proposition I3.4f v) we have 

-A- ImlW = 7 (A )*t(V) G 21(0). 
1m Ao 

Since 7 (A ) G B{g,H) and 7(A )* = 7 (A ) * G B{U,g), we can use Lemma I2H to 
conclude that for every A G p(A ) also 

(3.8) 7 (A )* ((A - Re A ) + (A - A )(A - X^)(A - A)" 1 )^) G 21(0). 
It follows from Proposition I3.4( v) that for A G p(Aq) we have 

MX) = Re + 7 (A )* ((A - Re A ) + (A - A )(A - X^)(A Q - A)" 1 )^). 

Therefore ReM(A ) G 21(0) and (O imply that M (A) G 21(0) for all A G p(A ). 

□ 

Remark 3.8. Note that in Proposition \ 3. % iii) it is assumed that Ao is non-real. 
However, it follows from the proof of Proposition \S. l^ iii) that the assumptions 
M (Ai) G 21(0) and 7 (Ai)* 7 (Ai) G 21(0) for some Ai G R n p(A Q ) also yield 
Af(A) G 21(0) for all A G p(A ). However, the assumption M(Ai) G 21(0) /or 
some Ai ettfl p(Aq) alone does not imply that M(X) G 21(0) for all A G p(Aq). 

Proposition 3.9. Let 21 be a class of operator ideals. Moreover, let 7 be the "/-field 
associated with some quasi boundary triple {0, To, Til, let 0i be a Hilbert space 
such that 0i C 0i C and the embedding tg^g belongs to 2l(0i,0). Then 

(3.9) 7(A)* G 21(^,0) 
for all A G p(A ). 

Proof. For every A G p(A ) we have 7 (A)* G B(H,g) and ran 7 (A)* C 0i by 
Proposition I3.4f iiy Hence 7 (A)* is closed as an operator from H to 0. Because 
L Q -*G * s bounded, 7 (A)* regarded as an operator from T-L into 0i is also closed and 
hence bounded by the closed graph theorem, that is, 7 (A)* G S("H,0i). Hence, by 
the ideal property, (|3.9p holds. □ 

3.2. Krein's formula and self-adjoint extensions. The following theorem and 
corollary contain a variant of Krein's formula for the resolvents of canonical exten- 
sions parameterized with the help of quasi boundary triples; cf. (|3.2p and (|3.3p . 
The proof is given after the next corollary. 

Theorem 3.10. Let A be a closed symmetric relation in H and let {0,ro,ri} be 
a quasi boundary triple for A* with Aq = kerTo, "/-field 7 and Weyl function M . 
Further, let Q be a relation in and assume that A G p(Aq) is not an eigenvalue 
of Aq, or, equivalently, that ker(0 — M(A)) = {0}. Then the following assertions 
are true: 

(i) g G ran(^ e - A) if and only if"f(\)*g G dom (9 - M(A)) -1 ; 
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(ii) for all g G ran (Aq — A) we have 

(3.10) (A e - A)-^ = (A - X)- l g + 7 (A)(0 - M(A)) _1 7 (A)* 5 . 

If p(Ae)np(Ao) ^ or p(Ae)np(^4o) i e -S- if ^0 is self-adjoint or essentially 
self-adjoint, respectively, then for A G p(-Ae) H p(-Ao), relation (|3.10l) is valid on H 
or a dense subset of H, respectively. This, together with the fact that 7(A)* is an 
everywhere defined bounded operator and 



7 (A)(6-M(A)) 1 7 (A)*c 7 (A)(e-M(A)) 
implies the following corollary. 

Corollary 3.11. Let the assumptions be as in Theorem \3.1(A Then the following 
assertions hold. 

(i) If X E p(A e )r\p(A ), then 

(3.11) (A e - A)- 1 = (A - A)- 1 + 7 (A) (0 - M(A)) _1 7 (A)*. 

(ii) If X £ p(Aq~) n p(Ao), then 



(3.12) ( J 4 e -A)- 1 = ( J 4o-A)- 1 + 7 (A)(e-M(A)) S(A)*. 

In particular, if Aq is self-adjoint or essentially self-adjoint, then Krein's formula 
(|3.11j) or (|3.12[) . respectively, holds at least for all non-real A. 
Let us now turn to the proof of Theorem l3.10l 

Proof of Theorem UUU First note that by [U Theorem 2.8(i)] the point A G p(A a ) 
is not an eigenvalue of Aq if and only if ker(G — M(A)) = {0}. Fix some point 
A G p{Aq) which is not an eigenvalue of Aq. Then the inverses (Aq — A) -1 and 
(0 — A/(A)) _1 are operators in % and G, respectively. 

Let g G ran (A - A). We show that j(X)*g G dom(0 - M(A)) -1 and that 
formula (|3~TU|) holds. Set 



J:=(Ae-A)- 1 5 -(A -A)- 1 .g and h := 



' (Ae-Xy^g N 
n + X(A e -X)- 1 g / 



Then we have / G Af\(T) = kcr(T - A) and h G Aq. Moreover, 

r , =r /i-r = r /i 

\ A // \g + X(A -X)- 1 gl 



SA 



and 



r <A / / )= r ' i - r '(Jt;; - , r ) ',,)^^-^ 

by Proposition I3.4f ii) . These equalities together with Proposition I3.4f iv) yield 
7(A)* 5 = Vji - Ti = Tih - M(X)T = rji - M(X)T h. 

Since h G Aq, we have ( r °^) G by (13.21) and hence 

(3.13) _ = ^ Jee- ma 

\7(A)*3/ V r i/>-^(A)IW 
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which implies 7(A)*g G dom (G — M(A)) 1 , that is, one implication in (i) is proved. 
Furthermore, it follows from ((3~T3l) that T h = (0 - M(X))~ 1 j^)*g since (8 - 
Af(A))^ 1 is an operator. Therefore 

7 (A) (9 - M(X))~ 1 qf(\)*g = 7 (A)r„ft = 7 (A)r 

= f=(A e -X)- 1 g-(A -X)- 1 g, 

which shows the relation (|3.10p . The converse implication in (i) was shown in the 
proof of O Theorem 2.8(h)]. □ 

With the help of Krein's formula and the next lemma we will obtain a sufficient 
condition for self-adjointness of extensions Aq in Theorem 13.131 below. Recall that 
6oo(<?) denotes the two-sided ideal of compact operators in B(Q). 

Lemma 3.12. Let {£/,ro,Fi} be a quasi boundary triple with associated Weyl 
junction M. Assume that M(Ao) G &oo{Q) for some \q G C\K and let Q be a 
self-adjoint relation in Q such that ^ er css (0). Then 

(e-IfA)) _1 eB(g) 

for all A G C\R. 



Proof. According to Proposition l3.7f fiTj the operator M(A) is compact for all A S 
C\R because &oo(G) is a symmetrically normed ideal. Without loss of generality 
let in the following A G C + . We can decompose the self-adjoint relation into its 
self-adjoint operator part and the purely multi-valued part: = op © with a 
corresponding decomposition of the space Q = Q op © ; cf. Section 12.11 Denote 



by -Pop the orthogonal projection in Q onto Q op . Since ^ cr ss(©op) and M(A) is 
compact, the operator op — P pM(\)\g ap is a Fredholm operator in Q op with index 
0. For x G dom 9 op , x =^ 0, we have 



lm((0 op - P op M(X)\ gap )x,x) = -Im(M[X)x,x) 



= -((ImM(\))x,x) < 0, 



by Lemma 13.61 hence op — -PopA/(A)|g op has a trivial kernel. Since its index is 
zero, it is also surjective. Because of the closedness, its inverse is a bounded and 
everywhere defined operator in Q op . By [SU p. 137] we have 

(e-lmy 1 = (e op - p op m(a)Is op ) _1 p op 



and hence (0 — M(A)) -1 G B(Q). □ 
In the assumptions of the next theorem we make use of the notation 

6 _1 (AT) := jrr, G Q: 3y G X so that Q G e| 

for a linear relation in Q and a subspace X C Q. This theorem gives a sufficient 
condition for Aq being self-adjoint. 

Theorem 3.13. Let A be a closed symmetric relation in % and let {^,Fo,ri} be 
a quasi boundary triple for A* with Ai = kerTi, i = 0, 1, and Weyl function M . 
Assume that A\ is self-adjoint and that M(Ao) G &oo(G) for some Xq G C\M. If Q 
is a self-adjoint relation in Q such that 



(3.14) O^cr css (0) and 0- 1 (ranM(A±)) C Go 
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hold for some A+ G C + and some A_ G C~ , then Aq = {/ G T : Tf G 0} 
is self-adjoint in H. In particular, the second condition in (|3.14l) is satisfied if 
dom 9 G Go . 

Proof. Note first that = 0* implies that Aq is a symmetric relation in TL and 
hence the eigenvalues of Aq are real. Therefore it remains to check that ran (Aq — 
A±) = H holds for some (and hence for all) points A± G C ± . Since ran7(A±)* G Gi 
by Proposition I3.4f ii) , we find from Theorem I3.10f i) that it is sufficient to verify 
the inclusion 

Gi G dom (0 - M(A±)) _1 = ran (0 - M(A±)) . 
Let y G Gi and let A + £ C + be such that the second relation in (13.141) holds. For 
A_ G C~ the same reasoning applies. With x := (0 — M(A + ))~ 1 y, which is well 
defined by Lemma T3.121 we have 

( — 

\y + M(X + )x 

Since Ai is self-adjoint, we have ranAf(A+) = Gi by Proposition 13 -4f iii) and hence 

y + M(X + )x EGi+ ranA/(A+) = ranM(A+). 

It follows from the second assumption in (|3.14l) that x G Go = dom Af(A+). There- 
fore (y) eQ-M (\+), which shows that y G ran (0 - M (A + )). □ 

Remark 3.14. If is a self-adjoint relation with ^ tr e ss(0); then its kernel 
is finite- dimensional. 7/ker0 = {0}, then B := _1 is a bounded, self-adjoint 
operator in G ■ In this case, the second condition in (|3.14|) becomes 

S(ranM(A±)) C Go 

and the relation Aq can be written as Aq = ker(BFi — To). 7/ker0 ^ {0}, then 
one can write the abstract boundary condition Tf G 0, / G T C A* , with the finite 
rank projection P onto ker and the bounded operator 

B = (0n ((ker©)- 1 x (ker©)- 1 )) -1 G B((ker0) x ) 

in the form 

PT 1 f = and (l-P)T f = B(l-P)Tj, f e domT = T. 

3.3. Resolvent differences in operator ideals. Let A be a closed symmetric 
relation in a separable Hilbert space let {G ,Tq,Ti\ be a quasi boundary triple 
for A*, and let 21 be a class of operator ideals. With the help of Krein's for- 
mula we find sufficient conditions on the parameter 0, the 7-field 7 and the Weyl 
function M such that the difference of the resolvents of the self-adjoint relations 
Aq and Aq belongs to some appropriate ideal, e.g. 21(H) or (21 ■ W)(H). These 
abstract results will turn out to be particularly useful in Section U when we investi- 
gate Schatten-von Neumann type properties of resolvent differences of self-adjoint 
elliptic differential operators. 

The first theorem of this subsection is one of the main results of the paper. 
Here we consider the resolvent difference of Aq and Aq under some assumptions on 
M (A), 7(A)* and 0. 

Theorem 3.15. Let A be a closed symmetric relation in H and let {^,ro,ri} be 
a quasi boundary triple for A* with Aq = ker To, "/-field 7 and Weyl function M . 
Let 21 be a class of operator ideals and let be a self-adjoint relation in G such that 
the following conditions hold: 

(i) M(\q) G 6oo(0) for some A G C\R; 

(ii) 7 (Ai)* G a*CW,0) for some \ x G p(A ); 
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(iii) (f. cr css (9) and A e = A* e . 
Then 

(3.15) (A e - A)- 1 - (A - A)- 1 g (21 • ST) (ft) 

/or a// A G p(i e ) np(^o)- 

Proof. Note that the assumptions (i) and (ii) together with Proposition 13.71 imply 
that 17(A) g 600(a), 7(A)* g 21* (ft, Q) and 7(A)** = ^(A) g 21(0, ft) for all 
A G p(Ao). Corollary 13.1 If i) yields that the resolvent difference of the self-adjoint 
relations A<~> and Aq has the form 



(3.16) 



(A e - A)- 1 - (A Q - A)- 1 = 7 (A)(9 - M(A)) '7(A)* 



= 7(A)(e-Af(A)p 7 (Ar 



for all A G p(Aq) n p(A))- Furthermore, since the operator M(X ) is compact, we 
have (6 -17(A))- 1 G B(<?) for all A g C\R by Lemma l3~12l Therefore, if A G C\R, 
then 

(9-M(A)) _1 7(A)* G2l*(ft,0) and 7(A) G 21(0, ft), 

and hence (|3.15[) follows. Lemma ET^l implies that (13. 15)) holds also for all A in the 
(possibly larger) set p(A@) n p(A ). □ 

Note that Theorem provides a sufficient condition for the second assumption 
in (iii) of Theorem 13.151 

Remark 3.16. As a corollary one immediately obtains the same result for the 
resolvent difference 

(A @1 - A)- 1 - (A e2 - A)- 1 

of Aq i; Aq 2 , where Q± and O2 both satisfy the assumptions in Theorem ] 3. 151 In 
Theorem \3.22\ we improve this under the additional assumption that Oi — 02 is in 
some class of operator ideals. 

Remark 3.17. 1/21 is equal to & p , & r ,oo or ©r°oo, then the resolvent difference 
in (|3.15|) is in 6 p / 2 (ft), ©2r,oo(ft) or &^J oa ('H), respectively. This follows from 
Lemma \2.3\ 

Krein's formula can be used to prove a trace formula if the resolvent difference 
is a trace class operator. 

Corollary 3.18. Let A be a closed symmetric relation in a separable Hilbert space 
ft and let {Q, To, Ti} be a quasi boundary triple for A* with Aq = ker To, j-field 7 
and Weyl function M. Further, let be a self-adjoint relation in Q such that the 
following conditions hold: 



(i) M(A ) G ©00 (G) for some A G 

(ii) 7 (Ai)* G 6 2 (ft,£) for some X 1 G p(A Q ); 

(iii) £ o- CS s(0) and A = A* @ . 

Then 

(A e - X)- 1 - (A Q - X)- 1 661(H) 

and 

ti((A @ - A)" 1 - (A - A)" 1 ) = tr(lT(A)(e - 17(A))" 1 ) 



for X G p(Aq) (~1 p(Aq), where M'(X) is defined as in Remark \3.5\ 
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Proof. The first assertion is clear from Theorem 13.151 and Remark 13.171 Hence we 
can apply the trace to both sides of (|3.16[) . Using (|3. 51) and the relation tr(AB) = 
tr(BA) (see, e.g. g2l Theorem III.8.2]) we obtain 

tr((A e - X)' 1 - (A A) -1 ) = tr(^A)(6 - M(Xj)-\(\y) 

(3.17) =tr( 7 (A)*^A)(9-M(A))- 1 ) 

= tr(M^(e-M(A)) _1 ); 

note that also the operator M'(A)(0 — Al(X))^ 1 in p. 171) is a trace class operator. 

□ 

In the following theorem the assumptions M(Ao) G &oo(G), ^ o- css (&) are 
replaced by a weaker assumption on — M(A); the conclusion is also weaker than 
the one in Theorem 13. 151 

Theorem 3.19. Let A be a closed symmetric relation in T-L and let {G ,To,Ti} be 
a quasi boundary triple for A* with Aq — kerTo, "/-field 7 and Weyl function M. 
Let 21 be a class of operator ideals and let be a symmetric relation in Q such that 
the following conditions hold: 

(i) — M(Xq) is infective for some Ao € C\R; 

(ii) 7(A X )* € %*{U,G) for some Ai £ p(A ) 
(hi) A e = A* @ . 

Then 

(3.18) (Ae-X)- 1 -(Ao-X)- 1 e%(H) 
for all X e p(A e )np{A a ). 

Proof. According to Corollary 13. llf i) we can write the resolvent difference at the 
point A e p(Aq) n p(A ) as 

(A e - Ao)" 1 - (A - Aq)- 1 = ^)(9 - M(Ao)) _1 7^o)*. 

In particular, it follows that both products on the right-hand side are well defined, 
and hence 

(3.19) (e-Af(Ao)) _1 7(A )* 

is everywhere defined. Since the relation — M(Ao) is injective, it follows that 
(0 — Af(Ao))- 1 is a closable operator. Therefore, because 7 (Ao)* is a bounded 
operator, the product in p. 191) is a closable, everywhere defined operator and hence 
in B(H, G). Moreover, since 7 (Ai)* 6 21* (X G), it follows from Propositionl3~71that 
7 (A) belongs to 21(5, H) for all A £ p(Ao). Hence the difference of the resolvents 
in (I3~18)) is in %(H) for A = A . Then Lemma [2~2l implies (|3~18l) for all A £ 
p{A @ )np(A ). □ 

In the case = the above theorem together with Lemma 13.61 imply the next 
corollary. 

Corollary 3.20. Let A, {<5,r ,ri}, 7 , M and% be as in Theorem l^W Assume 
that A\ = kerTi is self-adjoint, that M(Ao) is bounded for some Xq G p(Aq) and 
that 7 (Ai)* e W(H,G) for some X 1 E p(A ). Then 

(A t - A)- 1 - (Ao - A)- 1 6 21(H) 

for all X e p(Ai) D p(A ) 

Corollary 13. 201 can be generalized as follows. 
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Theorem 3.21. Let A be a closed symmetric relation in % and let {G ,Tq,Y\\ be 
a quasi boundary triple for A* with Aq = keiTo, "/-field 7 and Weyl function M. 
Furthermore, let 21, 03 be classes of operator ideals and assume that the following 
conditions hold: 

(i) A\ — kerTi is self-adjoint; 

(ii) M(Ao) is bounded for some Xq G p(Ao); 

(iii) 7(Ai)* G W(H,g) for some Ai G p(A ); 

(iv) there exists a Hilbert space Go such that Go C Go C G and the embedding 
L Qo-+G belongs to %5(Go,G). 

Then 

(3.20) (Ai - X)- 1 - (A - A)" 1 G (21 • 03)(ft) 

for all X G p(Ax) n p(A ). 

Proof. Since M(Ao) is bounded, Lemma [331 implies that kerM(A) = {0} for every 
A G C\M and hence M(A) _1 7(A)* is closable from H into Q with values in Go = 
domM(A). The boundedness of the embedding tg a ^g implies that M(A) _1 7(A)* 

regarded as an operator from H, into Go is also closable. Furthermore, this operator 
is everywhere defined and hence we have 

M(A)- 1 7(A)*6B(« 1 5o) and tg a ^ g M(X)~ 1 'y(\)* G %${%,Q) 

for all A G C\R by assumption (iv). Assumption (iii) implies 7(A) G 2l(£/, H) for all 
A 6 p{A ); cf. Proposition ^ . 7f i) . By the self-adjointness of A\ and by Corollarv l3.11l 
we have 

(A, - A)- 1 - (A A)- 1 = -W^gMW^lW*-, 
which is in (21 • 03) (H) for all A G C\K. An application of Lemma [2.21 shows that 
([3T2TH) holds also for all A G p{A x ) n p(A ). □ 

In the next theorem the difference of the resolvents of two self-adjoint extensions 
Aq 1 and Aq 2 is considered under additional assumptions on Oi — 82; cf. [23 
Theorem 2 and Corollary 4] for the case that {C/,ro,ri} is an ordinary boundary 
triple. 

Theorem 3.22. Let A be a closed symmetric relation in % and let {G, To, Ti} be a 
quasi boundary triple for A* with Aq = ker Tq, 7 -field 7 and Weyl function M . Let 
03 be a class of operator ideals, let 81 and 82 be two self-adjoint bounded operators 
in G and assume that the following conditions hold: 

(i) M(A ) G 6oo(0) for some A G p{A Q ); 

(ii) ^ a css (O l ) and A @i = A* & . for i = 1, 2; 

(iii) 6i -6 2 e 03(e). 
Then 

(A ei - X)- 1 - (Ae 2 ~ X)- 1 e <3(H) 
holds for all X G p(Aq ± ) n p(A<~> 2 ). If in addition, 21 is another class of operator 
ideals and 7(Ai)* G 2l*("H,C?) for some Ai G p{Ao), then 

(A ei - A)- 1 - (A &2 - A)- 1 6 (21 • 03 • 
/or A G /9(A e J np(A 02 ). 

Proof. Because 8^ and (84 — M(A)) -1 are bounded for all A G C\K by Lemma r3.12l 
the difference of (|3.11l) for 8 = 81 and 8 = 82 can be rewritten as follows 

(A ei -A)- 1 -(Ae 2 -A)- 1 

= tP0(8i -M(xjy 1 (e 2 - 80(82 -M(xjy\(xy. 
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All five factors on the right-hand side are bounded, the middle factor is in *B(G); 
hence the product is in 58(H) for A € C\R, and Lemma 12.21 implies that this 
is true for all A G p(A Bl ) D p(Aq 2 ). If, in addition, t(Ai)* G %L*(H,G), then 
7(A)* G %*{H,G) and 7(A) G %(G,H) for all A G p(A ) by Proposition Efti) and 
hence the second assertions holds for all A G p(Aq 1 ) fl p(Aq 2 ) n p(A ). It remains 
to use the argument in the proof of Lemma 12.21 to conclude the assertion for all 
A G p(A &1 ) f]p(Ae 2 ). □ 

3.4. Dissipative and accumulative realizations. In this section we indicate 
some generalizations of the results from the previous section for the case that Aq 
is only maximal dissipative or maximal accumulative instead of self-adjoint. 

For this we first recall some necessary definitions and facts. A linear relation S 
in % is said to be dissipative if Im(/', /) > for all (/, /') T G S and accumulative 
if Im(/', /) < for all (/, /') T G S. The relation S is said to be maximal dissipa- 
tive {maximal accumulative) if S is dissipative (accumulative, respectively) and has 
no proper dissipative (accumulative, respectively) extensions in H. A dissipative 
(accumulative) relation S in % is maximal dissipative (maximal accumulative, re- 
spectively) if and only if ran (S— A_) = H (ran (S — X+) = 7i, respectively) for some 
(and hence for all) A_ G C~ (A+ G C + , respectively). Similarly as for self-adjoint 
relations, a maximal dissipative (maximal accumulative) relation S can be written 
as the orthogonal sum S op © Soo of a maximal dissipative (maximal accumulative, 
respectively) operator S op in the Hilbert space H op = (mulS 1 ) 1 - and the purely 
multi- valued relation Soo in "Hoo — rnul S. 

It follows easily from Green's identity p. II) that Aq is dissipative (accumulative) 
if is dissipative (accumulative, respectively). Krein's formula (I3.11[) is valid for 
A G C~ if Aq is maximal dissipative and for A G C + if Aq is maximal accumulative. 
Moreover, it is easy to see that Lemma T3.12I remains valid for A G C~ (A G C + ) if 
is a maximal dissipative (maximal accumulative, respectively) relation in G such 
that ^ cr css (0). This leads to the following variants of Theorems 13.131 and 13. 151 

Theorem 3.23. Let A be a closed symmetric relation in T-L and let {G ,Tq,Y\\ be 
a quasi boundary triple for A* with A4 = kcrTi, i = 0,1, and Weyl function M. 
Assume that Ai is self-adjoint and that M(Ao) G 600(G) for some Xq G C\M. If 
is a maximal dissipative (maximal accumulative) relation in G such that 

(3.21) O^(7 CSS (0) and 0" 1 (ranM(A)) C Go 

hold for some X G C~ (X G C + , respectively), then Aq = {/ G T: Tf G 0} is 
maximal dissipative (maximal accumulative, respectively) inH. In particular, the 
second condition in (|3.14[) is satisfied i/dom© C Go- 

Theorem 3.24. Let A be a closed symmetric relation in % and let {G, To, Ti} be a 
quasi boundary triple for A* with Aq = kerTo, j -field 7 and Weyl function M . Let 
2t(C?,%) be a class of operator ideals and let & be a maximal dissipative (maximal 
accumulative ) relation in G such that the following conditions hold: 

(i) M(X ) G 6oo(5) for some A G C\R; 

(ii) 7 (Ai)* G %*{U,G) for some X l G p(A a ); 

(hi) ^ cr css (0) and Aq is maximal dissipative (maximal accumulative, respec- 
tively). 

Then 

(Aq - X)- 1 - (A a - X)- 1 G(2l-2T)(H) 
for all X G p(A @ )r}p(Ao). 

Similarly, a dissipative and accumulative variant of Theorem 13.191 is valid; the 
formulation of such a theorem is left to the reader. 
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Next we state a generalization of Theorem 13.221 In the mixed case that one of 
the two operators 8^ is dissipative and the other one is accumulative, one has to 
assume that one ideal is symmetrically normed, and the proof is more complicated, 
but similar to the proof of Theorem 3.11 in |16j . 

Theorem 3.25. Let A be a closed symmetric relation in % and let {g,ro,Li} be 
a quasi boundary triple for A* with A® = kerTo, "/-field 7 and Weyl function M . 
Let 58 be a class of operator ideals, let Oi and 82 be dissipative or accumulative 
bounded operators in g and assume that the following hold: 

(i) M(A ) G 6oo(0) for some A G p{A ); 

(ii) ^ o~ css (Qi) and A 0i , i = 1,2, are either maximal dissipative or maximal 
accumulative; 

(hi) 6i - 8 2 G 58(g); 

(iv) in the case that one of A® i is maximal dissipative and the other one is max- 
imal accumulative, assume in addition that 58 is a class of symmetrically 
normed ideals and that ^4r c O; = ^r o f or * = 1» ^- 

Then 

(3.22) (A ei - X)- 1 - (Ae 2 - XT 1 E <3(H) 

for all A G p(Aq 1 ) n p(A& 2 ). Lfi in addition, 21 is another class of operator ideals 
and 7 '(Ai)* G 2l*(H,g) for some Ai G p(Aq), then 

(3.23) (A &1 - A)" 1 - (Ae 2 - A)" 1 G (21 • 58 • 2T)(H) 
for all A G p(A ei )np(A e2 ). 

Proof. In the case that Aq ± and Aq 2 are either both maximal dissipative or both 
maximal accumulative, the proof is exactly the same as for Theorem 13.221 Let us 
treat the case that Aq 1 is maximal dissipative and Aq 2 is maximal accumulative 
and that p(Aq 1 ) n p(Aq 2 ) is non-empty. Since 81 — 62 G 58(g) we also have 

Re(9i - 9 2 ) G 58(g) and 1111(81 - 8 2 ) G 58(g). 

Because Im 81 > and Im 82 < 0, the following inequalities are true: 

< Im8i < Im(8i - 8 2 ) and < -Im8 2 < Im(8i - 8 2 ). 

Hence Sfc(Im6i) < Sfc(Im(8i — 62)) and St(-Im8 2 ) < Sfc(Im(6i — 82)) for 
k = 1,2, ... , which by [42, III. §2. 2] implies that also Im8i and Im82 belong to 
58(g). Therefore 

&i - Re 8, G 58(g) and o- ess (8i) = cr css (Re8 4 ), i = 1,2. 

The same reasoning as in the proof of Theorem 13.221 shows that 

(3.24) ( Aei - X)- 1 - (A Keei - X)- 1 

= tTA)(8i -MWy 1 (Rc 0i - 8i)(Rc8i - M(Ay) _1 7 (A)* 

for all A G C_, and hence the difference of the resolvents of Aq x and A Rc q 1 belongs 
to 58(H), which in particular implies that a ess (AQ 1 ) = Oess^RcOi)- An application 
of Lemma [2.21 yields that the resolvent difference in (|3.24p is in 58(H) for all A G 
p(Aq 1 ) n p(A Rc Q 1 ). Similar formulae hold for the resolvent differences 

(A Rcei - A)" 1 - (A Rc e 2 - A)- 1 , A g C\R, 

and 

(^Ree 2 -A)- 1 -(Ae 2 -A)- 1 , A G C+, 

which also belong to 58(H) for A G p(A Re&1 )rip(A Re 2 ) and A G p(A e2 )np(A Rc e 2 ), 
respectively. If A belongs to 

(3.25) p(A Ql ) n p{A e2 ) n p{A Rc 6l ) n p{A Rc 02 ) , 
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then these three resolvent differences can be added, which yields (|3.22j) for all such 
A. Since p(A e A n p(A e2 ) 7^ and cr css (A ei ) = a css ( A Kc e , ) the set in (|3.25JI is 
non-empty. Another application of Lemma 12.21 shows that Q3.22p is true for all 
A 6 p{A &1 ) np(A e2 ). 

If, in addition, 7(Ai)* G Q) for some, and hence for all, Ai G p(^4o)j then 

7(Ai) G 21(0, "H) and therefore (j3T23l holds for all A G p(A@ 1 ) (1 p(^e 2 ). □ 

4. Self-adjoint elliptic operators and spectral estimates for 

resolvent differences 

In this section we study elliptic operators on domains in R™ with smooth compact 
boundary, i.e. either on bounded domains or on exterior domains. In the first 
subsection we construct a quasi boundary triple where functions in the domain of 
T are in H 2 in a neighbourhood of the boundary and prove sufficient conditions 
for self-adjoint realizations. We shall sometimes speak of an H 2 framework here 
although for exterior domains T is defined on a larger space, see Definition 14. II In 
Subsection 14.21 we apply the abstract results from Section 13.31 to elliptic operators 
and prove estimates for singular values of resolvent differences of realizations with 
different boundary conditions. In Section 14.31 self-adjoint elliptic operators on R" 
with 6 and ^'-interactions on smooth hypersurfaces are constructed with the help of 
quasi boundary triples and interface conditions on the hypersurface. The abstract 
results from Section l3~3l imply spectral estimates for the resolvent differences of the 
elliptic operators with d and ^'-interactions and the unperturbed elliptic operator 
on R™. 

4.1. Quasi boundary triples and Weyl functions for second order ellip- 
tic differential expressions. Let ft C R" be a bounded or unbounded domain 
with compact C°°-boundary dfl. We consider a formally symmetric second order 
differential expression 




x G fi, 



with bounded, infinitely differentiable, real- valued coefficients cijk G C°°(f2) satis- 
fying ajk(x) — akj (x) for all x G f2 and j, k = 1, . . . , n and a real- valued function 
a G L°°(Q). Furthermore, C is assumed to be uniformly elliptic, i.e. the condition 

n n 
j,k=l k=l 

holds for some C > 0, all £ = (£i,...,£ n ) T G E™ and x G O. We note that 
the assumptions on the domain f2 and the coefficients of £ can be relaxed but it 
is not our aim to treat the most general setting here. We refer the reader to, e.g. 
[SHIHEIlElEaiHO] for possible generalizations and to [2 02 E23 US HI] for recent 
work on non-smooth domains. On the other hand, we do not impose any conditions 
on the growth of derivatives of a,jk at infinity; cf. the stronger assumptions in [641 
Condition 3.1]. 

In the following we denote by iJ s (f2) and H s (dfl), s > 0, the usual Sobolev 
spaces of order s of L 2 -functions on fl and dfl, respectively. The Sobolev space 
H~ s (dfl), s > 0, of negative order is defined as the dual space of H s (dfl); see, e.g. 
EH Section 7.3] and 0. The closure of C^°(n) in H s (fl) is denoted by ffg(fi). For 
a function / G C°°(fi) we denote the trace by f\on and we set 
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domT = 



where n(x) — (ni(x), . . . , n n (x)) T is the unit vector at the point x € dft pointing 
out of ST Recall that for all s > § the mapping C°°(Ti) 3 f i-» {/|an,^r| an } 
extends by continuity to a continuous surjective mapping 

(4.2) H'{Q) 3 f ^ j/|an, |^| a J 6 ^^ 1/2 (^) x ff s - 3 / 2 (dSl), 

which admits a bounded right inverse. For s = 2 the kernel of the mapping in (|4.2j) 
is equal to Hq(Q). 

In order to construct a quasi boundary triple for the maximal operator associated 
to C in L 2 (fl) in an "iT 2 setting" we fix a suitable operator T as the domain of the 
boundary mappings. 

Definition 4.1. The differential operator Tf = Cf (understood in the distribu- 
tional sense) is defined on the domain 

H 2 (Q) if ft is bounded, 

{f G Cf S L 2 (fl), f\ u > G TT 2 ^')} «/^ ^ unbounded, 

where in the unbounded case SI' C fl is a bounded subdomain of Q with smooth 
boundary such that dQ C <9ST. 

In the unbounded case in Definition 14.11 we can choose, for instance, ft' = ft f) 
B R (0), where B R (0) = {x e K n : ||a;|| < R} and R is big enough so that R n \Cl C 
B R (0). Since the condition £/ e L 2 (S1) implies that / e H 2 oc (Vl) (see, e.g. PI 
Theorem 2.3.2]), it is clear that the set on the right-hand side of domT in the case 
of unbounded ft is independent of ST. In both cases (ft bounded or unbounded), 
functions / in domT are in H 2 in a neighbourhood of dft, and hence f\on and 
-§^-\ dn are well defined and have values in H 3 ^ 2 (dft) and H 1 ^ 2 (dft), respectively. 
Define the Dirichlet, Neumann and minimal operator associated with C by 

A D f = Cf, dom4 D = {/ G domT: f\ dQ = 0}, 

an 



A N f = Cf, domA N = <j / 6 domT: ^ 



.1/ /:/■ • ! / ' domT: /,,., I). j^- 



= 

an 



In the following theorem it is shown how a quasi boundary triple can be defined 
in the present situation. For the convenience of the reader the self-adjointness of 
An in the case of an unbounded domain will be shown in full detail, the remaining 
assertions are essentially a consequence of Theorem 13.21 

Theorem 4.2. Let C be the uniformly elliptic differential expression from (|4.1jl . 
let T, Ad, An, A be the differential operators from above and define the boundary 
mappings 



1 oj — q — 



and Y.f: f „u. f = (Jf) > f ^nT. 



Then A is a densely defined closed, symmetric operator in L 2 (ft), the operators 
An = kcrTo and Ad = kerTi are self-adjoint extensions of A, and {L 2 (dfl), Tq, T\} 
is a quasi boundary triple for A* . Moreover, 

(4.3) (Tf,g) = a[f,g}-(T f,T ig ) 
holds for all f,g£ dom (T), where 

(4.4) a[f, 9] :=/ n ( J> fe |£|| + ^), 6^(0). 
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Proof. If SI is bounded, the assertions in the theorem apart from (j4.3[) were proved 
in [141 Proposition 4.1]. The proof of (|4.3p follows easily from known results; see 
also the proof below for the case that S7 is unbounded. 

Now let SI be unbounded. First we show that A-^ as defined above is self- 
adjoint. Let the symmetric quadratic form a[f, g] be as in the theorem. Because of 
the boundedness of the coefficients and the uniform ellipticity, this quadratic form 
can be compared with the form 



Oo[/,ff] = / grad / • grad g, 
J a 



(4.6) {f eH\n): Cf eL 2 (n), 



on > 



in 

which corresponds to the Laplace operator, namely, there exist constants c\, C2, d\, 
d,2 such that 

ciao[/, /] + di H/ll 2 < /] < c 2 a [/, /] + d 2 ||/|| 2 . 

Since ||/|| 2 + ao[/, /] = ||/ Hlp-m); this implies that the form a is closed and bounded 
from below. Hence, by [SSJ Theorem VI. 2.1] there exists a self-adjoint operator 
An in L 2 (S1) with dom^N C domct = iJ-^Sl) which is bounded from below and 
represents the form a, i.e. 

(4-5) (A N f,g) = a[f,g] 

for all / G domA N and g <E 

We claim that the domain of A-^ is equal to 

df_ 

dv c 

and that A^f = Cf for / £ dom^N. In fact, let / G dom^N- Then (|4.5p is true 
in particular for g 6 Cq°(CI), which implies 

(A N f,g) = a[f,g] = (f,£g) = (£f,9), 

where the last term is the application of the distribution Cf to the test function g; 
the second equality follows from the definition of distributional derivatives. This 
implies that Cf is a regular distribution and equal to A-^f G L 2 (il). The formula 

(4.7) (Cu,v) = a[u,v] - / - — v 

Jon dv c 

is valid for all u £ _ff 1 (57) such that Cu G L 2 (fl) and all v G .ff 1 (SI) such that one of 
the two functions has bounded supporlQ. The derivative of u under the integral is 
in i7 _1 / 2 (9ri), the trace of v is in H 1 ^ 2 (dn); so the integral is understood as a dual 
pairing of i/~ 1 / 2 (90) and if 1 / 2 (9J7). Since boundary values of iJ 1 (fi)-functions 
with bounded support exhaust the space H 1 ^ 2 (dQ), relations (I4.5[) and (|4. 7[) with 
u = f and v = g yield that -§^\ dn = 0. Hence / is in the set in (I4.6[) . Conversely, 
let / be in the set in P~rJj) . Then by (|4T7| we have 

(Cf,g) = a[f,g] 

for all g G C°°(S1) with bounded support. This implies that / G dom^N and 
A N f = Cf by 56, Theorem VI.2.1(iii)] since {g G C°°(fi): supp g bounded} is 
dense in iJ 1 (S7), which implies that it is a core of a. 

We show that functions in dom A-^ are in H 2 in a neighbourhood of <9S1. Let R > 
be such that M™\0 C B R (0) and set Q' := fi n 5^(0). Moreover, choose a C°°- 
function 93 defined on SI such that supp 93 C SI', that ^2(2;) = 1 in a neighbourhood 



1 Indeed, for u, v G H 2 (Q) and bounded f2, formula 1 14. 71 1 is well known. Since in this case H 2 
is dense in Hj^(^l) := {w G _ff 1 (f2) : £ui £ L 2 (f2)} equipped with the norm + |£u>|| L 2 and 

: Hj.(Q) — > H _1 / 2 (9f2) is continuous (see I45II62I 1. an approximation argument implies 1 14. 711 . 
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of dSl and that tp(x) = in a neighbourhood of Sr(0) := {x E t": ||x|| = i?}. 
Let / be in dom^N, i.e. in the set in (|4.6|) . We want to show that <pf S dom^N- 
Clearly, y>/ G _ff 1 (f2). Because 



<9<^ 3/ i j.9ajfe dip i j. 9 2 </j 



9ar» dxk ^ dxj dxk 



a-jkl 



dxjdxk 



f G H (Si) and the derivatives of djk and ip are uniformly bounded on the bounded 
set suppiyj, we can deduce that £(<pf) G L 2 (Sl). The validity of the boundary 
condition d g^) \ gn ~ ® * s c l ear from the fact that <p(x) = 1 in a neighbourhood of 
dSl. It follows that ipf is in the set in f|4.6[) and hence in dom^N- Now define a 
quadratic form On',N,D in L 2 (Sl') by the formula in (|4.4[) with domain 

doman',N,D = {fce ff 1 ^'): /ls R (o) = 0}. 

This form defines a self-adjoint operator Aq^n.d: 

^4q',n,d/i = >C/i, 



heH 2 (Sl'): h\ SR{0) = 0, — 



= 



Since / G dom^N and any function g in domon',N,D can be extended by to a 
function g in H 1 (Sl), we have 

(( A Nf)\n',g) L 2 W ) = (A N f,g) L2(Q) = a[f,g\ = an<,N,r>[f\n>,g] 



for all g G domao',N,D- By [55J Theorem VI.2.1(iii)] this implies that /|n' G 
domAo',N,D and hence f\w G H 2 (Sl'). 
It follows that 



domA N = {/ G fT^fi): £/ G L 2 {Sl), 



on 



df_ 
dv c 
d£ 

due an 



= 



} 



\feH\n): CfeL 2 (Sl), = 0, f\ n > e H 2 (Sl')\ 

l avr an > 

1/edomT:^ = o} 
I due an ) 



dom Ai\ 



and that An = is a self-adjoint operator in L 2 (Sl). With a similar reasoning 
and using the quadratic form o restricted to Hq(SI) one can show that Ad is a 
self-adjoint operator in L 2 (Sl). 

Next we show that {L 2 (dSl), To, Ti} is a quasi boundary triple using Theo- 
rem 13.21 It follows from the considerations before the statement of the current 
theorem that To and Ti are well defined. Moreover, 

ranT = ran f = H^ 2 (dSl) x H 3 / 2 (dfl) 

(see, e.g. [53 Theorem 1.8.3]), which is dense in L 2 (dfl) x L 2 (dSl). 

In order to show Green's identity we first show the identity (|4.3[) . Let SI 1 and y> 
be as above and set ip := 1 — ip. If f,g G domT, then (</?/)|n', (^ff)la' G H 2 (Sl') 
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and ipf,tpg £ domy4.N. Using (|4.7[) and (I4.5[) we obtain 

(r/,ff) L2(0) = (T/,^) i2(n/) + (T(ipf), tpg) L 2(q/) + (T(ipf),ipg) LHn) 

% 

/an 

= a[/,.9] - (r /,r l5 ) L2(aa) 

since </j(a;) = 1 and VK^) = in a neighbourhood of dtt, which proves (|4.3I) . The 
abstract Green identity (|3.1j) follows immediately from this and the symmetry of a. 

Now we can apply Theorem [32] to obtain that A is a closed, symmetric operator 
and that {L 2 {d£l), r , Ti} is a quasi boundary triple. Moreover, since T is an 
operator, we conclude that T* = A is densely defined. □ 

Observe that for the quasi boundary triple in Theorem 14.21 we have 

Go = ranTo = H 1/2 (dfl) and Q 1 = ranTi = H 3/2 {dfl). 

We also note that the triple {L 2 (<9f2), To, Ti} is not a generalized boundary triple 
or a boundary relation in the sense of (32] [28] and we refer to (45j [23] for a modified 
approach that leads to an ordinary boundary triple for A*. One of the advan- 
tages of the quasi boundary triple in Theorem 14.21 is that the corresponding Weyl 
function is the inverse of the usual Dirichlet-to-Neumann map, whereas the Weyl 
function corresponding to the ordinary boundary triple from [451 123| (which differs 
by an unbounded constant from the Dirichlet-to-Neumann map) is more difficult 
to interpret; see also [131 Proposition 4.1]. The 7-field corresponding to the quasi 
boundary triple from Theorem l4.2l is the Poisson operator for the Neumann problem 
associated with C. This is summarized in the following proposition, whose proof is 
clear from the definitions of 7(A) and M(X). 

Proposition 4.3. Let domT be as in Definition ^. 1\ and denote for tp 6 H 1 / 2 (dfl) 
and A £ p(^4n) the unique solution of 

dh 



Ch = Xh, 



in domT by f\{^>). Then the 7 -field 7 and Weyl function M associated with the 
quasi boundary triple {L 2 (dfl), Tq, Ti} in Theorem are given by 

7(A): H^idil) ^ L 2 (Q), <p H- / A fo>), 

M (A) : H l / 2 {dtt) -> H 3 / 2 (dn), <p 1 ^ h(<p)\ dn . 

It is known from [77] that M(A) can be extended to a bounded operator 
acting between various Sobolev spaces. For the convenience of the reader we give 
a short proof based on a duality and interpolation argument. 

Lemma 4.4. Let s 6 [— §,5] and A G p(A^). Then M{\) can be extended to 
a bounded operator from H s (d£l) to H s+1 (dfl). Moreover, the closure M(X) in 
L 2 (dft) is a compact operator in L 2 (dil) with ran(M(A)) C H 1 (dil). 

Proof. Denote by (•,•}« the dual pairing of H t (d^l) and H~ t (dil) for t > 0, i.e. 
(x,y)t is defined for x 6 if*(c?Q) and y G H^ t (dfl), ( •, -) t is linear in the first and 
semi-linear in the second component and satisfies 

(4.8) (x,y) t = (x,y) for x e H*(dSl), y € L 2 (dn), 
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where ( •, •) denotes the inner product in L 2 (dil). 

In the following let A G p(A-^). It follows from Proposition I3.4f v^ that M(A) 
is closable in L 2 (dfl) and from Proposition I3.4f iii) that it maps i? 1,/2 (<9Sl) into 
H 3 / 2 (dn). Therefore M (A) is closed and hence bounded from H^ 2 {dil) to H 3 / 2 (d9). 

The Banach space adjoint (M(A))' of M(X) is a bounded operator from H~ 3 ' 2 (dQ) 
to H-^ 2 (dn), where (M(A))' is defined by 

(4.9) (x, (M(X)Yy) 1/2 = {M(X)x, y) 3/2 , x G ff 1 / 2 ^), y G iT 3 / 2 (5Sl). 
Proposition 13. 4f v) yields that 

(4.10) (M(X)x,y) = (x,M(X)y), x,y G H l ' 2 {dn). 
Combining p~8"]) . (1431) and (|4TTU|) we obtain for x,y £ H 1 / 2 (dfl) that 

<x,M(A)y) 1/a = (x,M(X)y) = (M(X)x,y) 

= (M(X)x,y) 3/2 
= (x,(M(X))'y) 1/r 

This implies that M(X)y = (M(X))'y for y G # 1/2 (<9S7). Hence the bounded op- 
erator (M(A))': H- 3 / 2 (dn) -> H- 1 / 2 {dn) is an extension of M(A): H^ 2 {dfl) -> 
H 3 / 2 (dfl). Now interpolation (see, e.g. [551 Theorems 5.1 and 7.7]) implies that 

(4.11) (M(A))'| ffa(an) : TT(dSl) -> tf s+1 (5Sl) 
is bounded for s G [- ■ - - 



2 ' 2 J 



Since M(A) = (M(A))'|x,2(gf2), we know from (|4.11[) that M(A) is bounded from 
L 2 (dft) to H 1 (dfl). Together with the compactness of the embedding of H 1 (dil) 
into L 2 (dil) (see, e.g. [80, Theorem 7.10]) this shows that M(A) is a compact 
operator in L 2 (dil). □ 

In [T3] and [IB] quasi boundary triples for elliptic operators were also studied 
in the framework of the Beals space 2?i(Sl) when SI is bounded with a smooth 
boundary. In this setting sufficient conditions on the parameter in _L 2 (<9S1) that 
ensure self-adjointness of the corresponding elliptic operator 

Ae = £r{/eX>i(n):r/ee} 

were obtained in [Ml Theorem 4.8]. The next result gives a sufficient condition 
on in the iJ 2 -framework which also covers a large class of Robin type boundary 
conditions; cf. Corollary |4.6l below. We note that SI is allowed to be unbounded but 
d£l is assumed to be compact and smooth. 



Theorem 4.5. Let {L 2 (dtt), Tq, T±} be the quasi boundary triple from Theore 
andT — (ro,ri) T . Let be a self-adjoint relation in L 2 (dVl) such that ^ <7 OSS (0) 
and 

Q-^H^dn)) G iJ 1/2 (<9Sl). 

Then the realization Aq = C f {/ G domT: Tf G 0} is self-adjoint in L 2 (Q). 
In particular, if B is a bounded operator in L 2 (<9S1) with B(H 1 (dfl)) C H 1 ^ 2 (dfl), 
then the realization 

A B -if = Cf, dom^-i = {/ G domT: B(f\ dn ) = \\ 
is a self-adjoint operator in L 2 (S1). 



Proof. We can directly apply Theorem 13.131 and Remark 13.141 since ranM(A) C 
ff^aSl) for all A G p(A N ) by Lemma EH □ 
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The next corollary is an immediate consequence of Theorem 14.51 In includes, in 
particular, classical Robin boundary conditions. 

Corollary 4.6. Let f3 g C 1 (dil) be a real-valued function on d£l and k G C 1 (9il x 
dQ) a symmetric kernel on dfl, i.e. k(x,y) — k(y,x) for x, y G dCl. Then the 
realization 

A B -if = Cf, dom A B -i = U e domT: B(f\ dn ) = | J , 



where 

(B<p)(x) = 0<p(x) + f k(x, yMy)dy, <p G L 2 (dfl), 

J8Q. 

is a self-adjoint operator in L 2 (fl). 

Before we continue to investigate resolvent differences of self-adjoint realizations 
of C, we need the following general lemma on the singular values of operators 
mapping into Sobolev spaces; see also [1(3 . The proof is essentially an application of 
results on the asymptotic behaviour of eigenvalues of the Laplace-Beltrami operator 
on compact manifolds; for similar ideas see the proof of Proposition 5.4.1 in [3J. 

Lemma 4.7. Let £ be an n— 1 -dimensional compact manifold without boundary, let 
K be a Hilbert space and B G £>(/C, H Tl (£)) with ran B C fF 2 (£) where r 2 > T\ > 0. 
Then B is compact and its singular values Sk satisfy 

s k (B) ^0(k- L ^) 1 k^oo. 

In particular, B G © I ^ 1L ^(/C, H ri (£)) and B G 6 P (/C, H ri (£)) forp> ^fi-. 

Proof. Let A ri .,. 2 := (/ — A^g) 2 2 1 , where A^g denotes the Laplace-Beltrami 
operator on E. The operator A ri . r2 is an isometric isomorphism from iJ r2 (£) onto 
if ri (E). From [3J (5.39) and the text below] we obtain for the asymptotics of the 
eigenvalues Xk{I — A^b) ~ Cfc™^ 1 with some constant C. This implies 

Sk(Kur 2 ) = 0(k^ L ^ 1 ), fc->oo. 
We can write B in the form 

(4.12) B = A-) r2 (A rur2 B). 

The operator B is closed as an operator from K. into £f ri (E), hence also closed 
as an operator from 1C into H T2 (T,), which implies that it is bounded from /C into 
H V2 (T,). Therefore the operator h ri ^ r2 B is bounded from /C into H ri (E), and hence 
the assertions follow from (|4.12p . □ 



The next result is essentially a consequence of the previous lemma, Lemma 14.41 
and general properties of the 7-field and the Weyl function established in Sec- 
tion o 

Proposition 4.8. Let {L 2 (dVt), r , Ti} be the quasi boundary triple from Theo- 
rem Then for A G p(A-^), the associated j-field 7, the Weyl function M and 
the closures M(X), ImM(A) satisfy 

(i) TW'ee^^^tSl),! 2 ^)); 

(ii) M(X) G & _L_ 00 (H 1 t 2 (dVl)); 
(hi) ImM(A) G & _s_ ^(L 2 (dO,)) ; 

(iv) M(A)G6 1 " (L 2 (an)). 
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Proof. Note that dQ, is a finite union of C°°-manifolds. 

Assertion (i) follows from Lemma 14.71 with ri = and r-x = § since 7(A)* 
is a bounded operator from K — L 2 (fl) to L 2 (dfl) with ranTi C H 3 / 2 (d$l) by 
Proposition I3.4f ii) . 

(ii) By Lemma [4.41 the operator M(A), A G ^(An), is bounded as an operator 
in H^idtt). Hence Lemma [O applied with K. = H x / 2 (dU), r x = \ and r 2 = § 
yields the assertion. 

(iii) From Proposition I3.4f v) we obtain the relation 



ImM(A) = (ImA) 7 (A)*7(A). 

It follows from (i) and Lemma I2.3f iii) that the right-hand side is in 

<3^_ 00 ■ 00 = &S- 00 ■ 

(iv) The statement follows from Lemmas 14.41 and 14.71 with JC = L 2 (dfl), ri = 
and ri = 1. □ 

Remark 4.9. /£ is no£ difficult to check that {L 2 (dfl), T\, — Tq} is also a quasi 
boundary triple for the operator A* . The corresponding Weyl function M is (up 
to a minus sign) the Dirichlet to Neumann map from H 3 ^ 2 (dfl) — > H x ' 2 (d£i), i.e. 
for A G p(Ad) the operator M(X) maps the Dirichlet boundary value f\(f)\dn of 
the solution f\(<p) G domT of Ch — \h, h\g^i = ip, onto the (minus) Neumann 
boundary value — [an- One of the main reasons that we do not use the quasi 

boundary triple {L 2 (dfl), T±, —To} here is that the values of the corresponding Weyl 
function M are unbounded operators in L 2 (dfl). 

4.2. Spectral estimates for resolvent differences of self-adjoint elliptic 
operators on bounded and exterior domains. Throughout this section let 
{L 2 (dil), Tq, T±} be the quasi boundary triple from Theorem 14 . 2 1 with correspond- 
ing 7-field and Weyl function from Proposition 14.31 If is unbounded, let fl' be as 
in Definition 14.11 if fi is bounded, set fi' := f2. For a linear relation O in L 2 (dil) 
the corresponding realization Aq of C is given by 

Aef = Cf, 

domi e = f/e H 1 ^) : Cf G L 2 (fl), f\„ G H 2 (fl'), (d^I \dn\ g 9 
I V /Ian J 

cf. (|3.2I) . (|3.3|) and Theorem 14.21 A sufficient condition for the self-adjointness 
of Aq was given in Theorem 14.51 In the following we apply the general results 
from Section 13.31 to resolvent differences of self-adjoint realizations of the elliptic 
differential expression C in L 2 (fl). The statements in the next three theorems are 
consequences of Proposition 14.81 and Theorems 13.151 13.211 and 13.221 respectively. 

Theorem 4.10. Let An be the Neumann operator associated with C and let be 
a self-adjoint relation in L 2 (dfl) such that ^ <7 C ss(0) and Aq is a self-adjoint 
operator. Then for all A G p(A@) D p(A^) the singular values Sfe of the resolvent 
difference 

(4.13) (Aq - A)- 1 - (A N - A)" 1 

satisfy Sfc = 0(k~ ), k — > 00, and the expression in (|4.13[) is in & p (L 2 (Vt)) for 
allp> 2=1. 
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Proof. By Propositioni^i) we have 7(A)* e <5^_ ^(L 2 (n), L 2 (dn)). Hence we 

2 ( 71 — 1 ) ' _____ 

can apply Theorem l3.15[ which yields that the resolvent difference in (I4.13|) belongs 
to 



= 6_i_ i00 C 6 P , p> 



n - 1 



2(n-l)'"" ac»-i) ' 

where we used Lemma l2~37 iii) and (ii). □ 

As an immediate consequence of Theorem 14.101 we obtain that the essential 
spectra of Aq and A-^ coincide, 

0~ess(Ae) — CTcss(^n)- 

In the case of a bounded domain these sets are empty, in the unbounded case the 
following proposition shows how close eigenvalues of Aq have to be to eigenvalues 
of A N . 

Proposition 4.11. Let Q be unbounded, let An be the Neumann operator associated 
with C and let be a self-adjoint relation in L 2 (dil) such that ^ <t oss (0) and 
Aq is a self-adjoint operator. If Afc, k — 1,2,..., are isolated eigenvalues of Aq 
converging to some 7 £ 1, then there exist numbers fik, k = 1,2,..., which are 
isolated eigenvalues fik, k = 1,2,..., of An or equal to 7 (where the number 7 may 
appear arbitrarily many times but an eigenvalue only up to its multiplicity) such 
that 

\. _^ 

(4.14) l A fc _ < 00 for all p > — — , p > 1. 
fc=i 

Proof. The spectrum of An is bounded below, which follows from (|4.3[) and the 
ellipticity of C. Hence also the essential spectrum of Aq is bounded below, and we 
can choose a number A 6 E n p(An) n p(A%). Because of Theorem 14.101 we can 
a Pply H3 Theorem II] to the operators (An — A) -1 and (Aq — A) -1 , which yields 
that there exist extended enumerations (ctk) and (fik) of the isolated eigenvalues of 
(An — A) -1 and (Aq — A) -1 , respectively, such that 
00 

(4.15) £ \[3 k -a k \"< || (As - A) -1 - (A N - A) -1 ||* , 

k=l 

for p > (n — l)/3, p > 1; by "extended enumeration" a sequence is meant that 
contains all isolated eigenvalues of an operator according to their multiplicities 
plus endpoints of the essential spectrum taken arbitrarily many times. There exist 
indices jk such that 

A/c — A 3 '* 

The corresponding values aj k can be written as 

1 

where the [ik are either isolated eigenvalues of An or endpoints of the essential 
spectrum. Now the estimate (14.151) implies that 



E 

k=l 



1 1 



Afc — A iik — A 



p 

< 00. 



Since Afc — > 7, we must have [ik — > 7. Writing the difference of fractions as a single 
fraction and observing that the denominators converge to 7 — A 7^ 0, we can deduce 
the validity of (|4~T4l) . □ 

If n = 2 or n = 3, then a trace formula is valid, which is stated in the next 
corollary and follows directly from Corollary 13. 181 
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Corollary 4.12. Let the assumptions be as in Theorem \4-10\ and assume, in addi- 
tion, that n — 2 or n — 3. Then the resolvent difference in (|4. 13[) is a trace class 
operator and 

tr((A e - A)- 1 - (A N - A)" 1 ) = t^M^O - MTA))" 1 ) 
holds for all A G p(Aq) n p(A^). 

We note also that in the case n = 2 or n = 3 in the above corollary the wave 
operators of the pair {An,^4o} exist (see, e.g. [56j Theorem X.4.12]) and that, in 
particular, the absolutely continuous parts of A^ and Aq are unitarily equivalent 
and the absolutely continuous spectra of ^4n and Aq coincide. 

The statement in the next theorem is a well known result from [19 . 

Theorem 4.13. Let A^ and A^> be the Neumann and Dirichlet operator associated 
with C. Then for all A G p(Av) n p(A^) the singular values Sk of the resolvent 
difference 

(4.16) (A D - X)- 1 - (A N - X)- 1 

satisfy Sfe = C^fc^"^ 1 ), fc — > oo, and the expression in (|4.16p is in & p (L 2 (Q)) for 
allp> 2=1. 

Proof. We apply Theorem ET2T1 with £ = Go = H^ 2 (dn). If we set JC = H*(dSl), 
n = and r2 = i in Lemma 14.71 then it follows that the embedding operator from 
H 1 ' 2 (<9Q) into L 2 {dn) belongs to 

(4.17) e^^^/^an),^^)). 

Hence Theorem 13.211 implies that (14. 16)) is in 

6 3 oo ' 6 1 oo = oo, 

2(n-l)'°° 2(ti-1)'°° 71.-1'°° 

that is, the singular values of (|4. 16[) satisfy Sk — 0(k~ n ~ 1 ). Lemma [2T3jii) imme- 
diately gives the second statement. □ 

By taking differences of resolvent differences, the statements in the next corollary 
follow directly from Theorems 14.101 and 14.131 

Corollary 4.14. Let 9i and 82 be self-adjoint relations in L 2 (dfl) such that ^ 
o~ ess (@i) and the realizations AQ i: i = 1,2, of C are self-adjoint operators. Then 

(A ei - A)- 1 - (A @2 - A)- 1 e e^^(L 2 (Q)), 
for all X G p(Aq 1 ) R p(A& 2 ) and 

(A @1 A)- 1 - (A D - A)- 1 G &^^(L 2 (n)), 

for all X G p(A ei )r\p(A D ). 

If the difference 0i — 02 is itself in some ideal 600, r, we get an improvement of 
the first assertion in the previous corollary. 

Theorem 4.15. Let 0i and 02 be bounded self-adjoint operators in L 2 (dn) such 
that ^ cr css (0i) and the realizations Aq^ i = 1,2, of £ from (|4.1j) are self-adjoint 
operators. Moreover, assume that Sfe(0i — ©2) = 0(k~ r ), k — s- 00, for some r > 0. 
Then for all X G p(Aq 1 ) n p(Aq 2 ), the singular values Sk of the resolvent difference 

(4.18) (A ei - A)- 1 - (Ae 2 - A)" 1 
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satisfy Sk — 0(k~ ~ r ) , k — >• oo, and the expression in (I4.18|) is in © p (L 2 (il)) 
for all p > (rzr + r) _1 . In particular, if Oi — O2 G & q {L 2 {dVL)) for some q > 0, 
then the expression in (|4.18l) is in (5 P (L 2 (J7)) for all 

P > * n ~V . 
3q + n — 1 

Proof. For 9i — 02 € © r .oo we conclude from Theorem 13.221 and Proposition 14.81 
that the difference of the resolvents in (I4.18[) is in 

6 3 ^ • <3r.no ■ & 3 ^ = &_ 



2(„-l) ■°° 



r +r,oo ' 



The other assertions follow from Lemma I2.3f ii) and (i) with r = ^ . □ 

We leave it to the reader to formulate generalizations of Theorem 14.101 and 
Theorem 14.131 for maximal dissipative and maximal accumulative realizations of 
C by using the abstract results in Section l3~4l 

4.3. Elliptic operators with 8 and ^'-interactions on smooth hypersur- 
faces. In this section we investigate second order elliptic operators with 8 and 
^'-interactions. Spectral problems for Schrodinger operators with 8 and 5'-point 
interactions, as well as (5-interactions on curves and surfaces have been studied in, 
e.g. [H [3 [211 [331 EH [351 [361 [ZS]- In order to define self-adjoint elliptic operators 
in L 2 (M. n ) with 8 and (^'-interactions on a smooth compact hypersurface E in W 1 
we first construct suitable quasi boundary triples in Proposition ^. 161 We mention 
that in contrast to the approach via quadratic forms there appear no additional 
technical difficulties when treating ^'-interactions; cf. [33]. One of the main results 
in this section is Theorem l4.191 where we obtain spectral estimates for the resolvent 
differences of the operators with 8 or ^'-interactions on the hypersurface E and the 
unperturbed self-adjoint realization in L 2 (R n ). 

Let in the following 57i C K™ be a bounded domain with compact C°° -boundary 
and let fl c := W n \Th, so that dfli = dtt c =: S and W 1 = fij U S U Q e , and assume 
that both f2; and Q e are connected. In the following, fij is called interior domain 
and Q c exterior domain. A function / defined on MJ 1 will often be decomposed in 
the form /i © / G , where /; and f e denote the restrictions of / to the interior and 
exterior domain, respectively. Let £ be a formally symmetric, uniformly elliptic 
differential expression as in (|4.ip on the Euclidean space M. n . The (usual) self- 
adjoint realization of £ in L 2 (R n ) is the operator Af lee given by 

(4.19) A bcc f = Cf, domA frcc = {/ e ff^R"): Cf e L 2 (R n )}. 

Observe that Af lce is the unique self-adjoint operator associated with the quadratic 
form corresponding to C on H 1 (W n ); cf. [SS] and (|4.4I) . The restrictions of C to the 
interior domain 51; and exterior domain Q D are denoted by C\ and C e , respectively. 
Clearly, C\ and C e are formally symmetric, uniformly elliptic differential expressions 
as considered in Sections 14.11 and 14.21 Like in Definition 14.11 we introduce the 
operators 2] and T e by 

Ti/i = A/i, domTi = tf 2 (fti), 

Te/e = CJ C , domT c = { f e G H 1 (Q e ) : CJ C e L 2 {tl c ), f B \ n , e H 2 ({1')}, 

where f2' C f2 c is a bounded subdomain of fl e with smooth boundary such that 
E = dfl c C dQ' . The Dirichlet and Neumann operators on the interior and exterior 
domain are defined as in Section [4. II by 

A D ,i/i = A/i, domA D a = {/; 6 doml]: /i| E = 0}, 
Au.cfc = A/o, domA DiC = {/o e domTc : / | s = 0}, 
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and 



^N,i/i — A/ij 



^N,o/c — A/e 



dom An, i = ifi g domTj: 
domA Nj0 = < f c <E domTe 



dfi 



due,. 



= 



= 



respectively. Since Au,i, Au, c , ^N,i and A^ iB are self-adjoint operators, it is clear 
that the orthogonal sums 



(4.20) 



^D,i © Ar>, 



and 



A N a © A t 



are self-adjoint operators in L 2 (R n ) = L 2 (fli) © T 2 (f2 c ), and they both are restric- 
tions of the operator TiffiT c . Note that the functions in the domain of the operators 
in (|4.20p do not belong to H 2 in a neighbourhood of £ but only in one-sided neigh- 
bourhoods of S. In order to treat 6 and ^'-interactions with quasi boundary triple 
techniques, we introduce the closed densely defined symmetric operators 

(4.21) A:=A iiee n(A i D ®A%) and A := ^4 free n (A N © A^) 

in L 2 (R"), as well as the restrictions 

Tf = Cf, domf = {/i © f c g dom (T, © T e ) : /;| s = / c | s }, 



(4.22) 



T/ = £/, domT = s /i © /o S dom (Tj © T, 



0/i 



5/c 



of the operator I] © T c in i 2 (R"). In the next proposition it is shown how quasi 
boundary triples can be defined in this situation. 

Proposition 4.16. Let A and A be the closed densely defined symmetric operators 
in (|4.21[) and let T and T be as in (|4.22p . Then the following statements are true. 

(i) The triple {L 2 (S), Tq, T±}, where 



To/ 



df 



dfe 



dv Ci s dv Ca 



and Txf = /| s , / 



Tf 



f g domT, 



is a quasi boundary triple for A* such that 

kerTo = Af roc and kcrTi = Aq^ 
(ii) The triple {L 2 (S), To, Ti}, where 
df. 



A 



D.c- 



To/ 



Ti/ = /c|s - /i|s and / = 



is a quasi boundary triple for A* such that 

kerTo = A-^ i © ^4n.c and kerTi 



Tf 



At 



f e domT, 



Proof. We verify only assertion (ii). Item (i) can be shown in the same way and can 
alternatively be deduced from [3J Theorem 4.1, Lemma 4.2 and Proposition 4.2]. In 
order to prove to (ii) we make use of Theorem 13.21 Note first that condition (a) in 
Theorem 13.21 holds since kerTo = A^a © ^N,e is self-adjoint; see also Theorem 14.21 
It follows from (O that ran(f ,fi) T = iJ 1 / 2 (E) x i? 3 / 2 (S), which is dense in 
i 2 (S) x i 2 (S), and hence condition (b) in Theorem 13.21 is also satisfied. In order 
to check condition (c), denote by (•, •), (•, •);, (•, -) c and (•, -)s the inner products in 
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L 2 (R"), L 2 (ni), L 2 (Sl e ) and L 2 (£), respectively. For / = f © f e and g = g-, © ,g c in 
dom T we compute, with the help of Green's identity, 

i T f,g) ~ (f,Tg) = (Ti/i,sfi)i - (/i,Tififi)i + {T c f c ,g c ) c - (f c ,T e g e ) e 



fi\ 



(4.23) 



/c I S • 



0/i 



( dfe 



E 



/e|s - 



95c 



0/e 



iSfe|S - 5i|E 



(fi/,f s) E -^o/,fis) 



where / = (/, T/) T and g = (g,Tg) T ; cf. the proof of Theorem 14.21 Hence also 
condition (c) in Theorem 13.21 holds . Therefore kerTo Piker Ti is a closed symmetric 
operator in L 2 (R") and {L 2 (S), To, Ti} is a quasi boundary triple for its adjoint. 
Since dom4 cc C H? oc (R n ) and H? oc (R n ) C kerf i by the definition of the trace 
using approximations by C°°-functions it follows that Afr ee C kerTi. On the other 
hand, (|4.23l) implies that kerTi is a symmetric operator and therefore Af ree = 
kerTi. Together with kerTo = Aw,i An )6 this yields A = kerTo fl kerTi, and 
hence {L 2 (S), T , TJ is a quasi boundary triple for A* . □ 

With the help of the quasi boundary triples from the previous proposition and 
the operators A, T, A and T, we define self-adjoint differential operators As, a and 
Ag> p associated with C and 8 and ^'-interactions with strengths a and /3 on S, 
respectively. We remark that it is difficult to treat iJ'-interactions making use of 
quadratic forms, whereas the operator As. a with a <5-interaction could equivalently 
be defined with the help of the quadratic form; see, e.g. [3T] or [33], where an 
additional minus sign appears in the boundary condition. The statement in the 
next theorem is essentially a consequence of Theorem 13.131 We remark that in the 
quasi boundary triple framework also functions a, /3 with less smoothness could be 
allowed. 

Theorem 4.17. Let a,0£ C 1 (E) be real-valued and assume that (3 =^ on S. 
Then 



A s , a :=C\{feT: aTif = T /} and As>,p := £ \ {/ 6 T: Tif = (3T f} 
are self-adjoint operators in L 2 (M. n ). 

Before proving the theorem we note that the interface condition aTif = To/, 
/ = ( ~ .) , has the explicit form 



.Tf, 



dfi 



dv Ci 



df c 



/i|s = /ds, / = / i ©/ edomT i ©r e 



as an elliptic operator with 5- 
interaction of strength a. The interface condition Tif = /JTq/, / = {ff)> has 



and hence one can interpret the operator Ag t , 
interaction of strt 
the explicit form 



fe 



fi\ 







df e 







df B 




s' dv Ci 


s 







/iffi/e SdomTiffiTe, 



and therefore the operator Agi,p can be interpreted as an elliptic operator with 
(^'-interaction of strength j3. 
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3o 



of Theorem \4-17\ Only the self-adjointness of Ag> t p will be shown. The self-adjointness 
of As^ a can be checked analogously. For the quasi boundary triple {L 2 (E), r , T\} 
in Proposition 14. 167 ii) we have 

ranf = # 1/2 (E) and ranf i = iJ 3/2 (E), 

so that for A G p(Aw,i © ^N,e) H p(Af lee ) the corresponding Weyl function M(A) 
maps if 1 / 2 (S) onto iJ 3//2 (E). By the same argument as in Lemma T4.4I the closure 
of M(A) maps £ 2 (E) into if 1 (S), and it follows that this is a compact operator 
in L 2 (E). In order to conclude from Theorem 13.131 with = /3 that the operator 
Ag'./s is self-adjoint, note that the assumptions (3 G C 1 (S) and /? ^ on E imply 
that the self-adjoint multiplication operator /? in I< 2 (E) is boundedly invertible and 
that /3" 1 /! 6 ff 1/2 (S) for all h G tf^E). Hence Ag>,p is self-adjoint in L 2 (IR™) by 
Theorem E13 □ 

Let 7 be the 7-field associated with the quasi boundary triple {L 2 (E), r , Ti} 
in Proposition 14. l6T i) and let 7 be the 7-field associated with the quasi boundary 
triple {L 2 (S), To, Ti} in Proposition 14. 16f ii) . The same reasoning as in the proof 
of Proposition I4.8IA ) yields 

7(A)* G 6 3 jCO (i 2 (R"),L 2 (E)), A G P (A hee ), 

(4 24) 

7(A)* 66 3 iCO (L 2 (R"),L 2 (S)), Ae^eV 



2(n-l) 

In the following preparatory lemma we show spectral estimates for the resolvent 
differences of Af lee , ^D,i © ^D,e and ^N,i © ^N, e - 

Lemma 4.18. Let Af ree , Adj © Ad. c a^rf -An,i ffi^N.e be the self-adjoint operators 
associated with C in L 2 (R") defined in (|4.19p and (|4.20[) . respectively. The singular 
values Sk of the resolvent differences 

(A {ICC - X)- 1 - (Ad i © A B . - A)" 1 , A G p(A fl . cc ) n p(A Dii © A D)e ), 

4.25 

(Afree — A) — (A Nji © A N , C - A) , A £ p(A llcc ) D p(A Nji © A N ,e), 

satisfy Sk — O^k^"^}, k —> 00, and the expressions in (|4.25[) are m 6 P (L 2 (R™)) 
/or a// p > . 

Proof. In order to show the statement for the first resolvent difference in (|4.25[) 
we apply Theorem 13.211 with Go = Go = ff 1 ' 2 (S) and the quasi boundary triple 
{L 2 (E), To, Ti} in the same form as in the proof of Theorem 14.131 Lemma 14.71 
implies that the embedding operator from iJ 1 ' 2 (E) into £ 2 (E) belongs to 

6_ L __( J ff 1 /2 (S);L 2 (S])) . 

cf. (|4.17[) . According to Proposition ^. 16f i) we have Af rcc = ker To and A^iffiAo^ = 
kerTi. Moreover, for A 6 p(Af lee ) r\p(Au,i (BAd, c ) the corresponding Weyl function 
M(A) maps iJ 1 / 2 (E) onto £f 3 / 2 (E), and is bounded when regarded as an operator 
in L 2 (E); cf. Lemma T4. 4 1 Then Theorem 13.211 implies that the resolvent difference 

(4.26) (A frcc - A)" 1 - (A u ,i © A D , - A)" 1 

belongs to 

6 3 • 6 1 = 

2(71-1)'"" 2(n-l)'- XJ 71-1'"" 

cf. the proof of Theorem 14.131 Hence the singular values Sk of (|4.26l) satisfy Sk — 
0(fc~^r) and by Lemma lOAD the difference (j4~2^1) is in & P (L 2 (W 1 )) for all p > 

n-l 
2 ' 
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It remains to show the statements for the second resolvent difference in (|4.25p . 
For this we note that by Theorem 14.131 the singular values Sk of the resolvent 
differences 

(A D 4 - A)" 1 - (An,; - A) -1 , A g p(A Dji ) n p(A N ,i), 
(A D , e - A)" 1 - (A N , e - A) -1 , A G p(A D ,o) n p(A N>e ), 

satisfy s& = 0{k~ ), fc — > oo. This implies that the singular values Sk of the 
orthogonal sum 

(A D ,i © A DjC - A)" 1 - (A N)i © A N , - A)" 1 , 

also satisfy = 0(fc~™ TrT ), fc — > oo, for A G p(AD,i©AD,o)n / o(AN,i©AN,o)- Together 
with the properties of (|4.26D we conclude that the singular values Sk of the second 
resolvent difference in (I4.25[) satisfy Sk — 0(k^"^ rj ), k — > oo, and the statement on 
the Schatten-von Neumann class follows again from Lemma l2.3f ii). □ 

The next theorem is the main result in this subsection. We compare the resolvent 
of the unperturbed operator Af ree with the resolvents of the self-adjoint operators 
Ag, a and Ag' t p modelling 6 and ^'-interactions on S. 

Theorem 4.19. Let a, G C 1 (E) be real-valued and assume that j3 ^ on S. 
Further, let Af roc be the self-adjoint elliptic operator associated with C in (|4.I9[) 
and let A$^ a and Agi$ be the self-adjoint operators from Theorem \4-17\ Then the 
following statements are true. 

(i) For all A G p(As, a ) PI p(Af rco ) the singular values Sk of the resolvent differ- 
ence 

(4.27) (A 5 , a - A)" 1 - (^free - A)" 1 

satisfy Sk = 0(k~ ), k —> oo, and the expression in (|4.27p is in © P (L 2 (R")) 
for all p > . 

(ii) For all A G p{Agi t p) n p(Af ree ) the singular values Sk of the resolvent differ- 
ence 

(4.28) (A^-A)- 1 - (A frcc - A)" 1 

satisfy Sk — 0(k~ ), k — > oo, and the expression in (|4.28[) is in © p (L 2 (R™)) 
for all p > . 

Proof, (i) It follows from Theorem 14.171 that the self-adjoint operator Ag >a corre- 
sponds to the self-adjoint linear relation 

6-{(?):* e tf(E)} 

via the quasi boundary triple {L 2 (E), To, Ti}, i.e. 

In order to apply Theorem l3.15l we note that the closures of the values of the Weyl 
function M(A), A G p(Af ree ), associated with {L 2 (£), To, T\} are compact operators 
in L 2 (E); cf. Lemma [4.41 Since a is assumed to be in C (E), it follows that _1 
is an everywhere defined bounded operator in L 2 (E); in particular, ^ cr 0SS (9). 
Therefore we can apply Theorem 13. 151 Together with (|4.24[) we conclude that the 
resolvent difference in (|4.27|) belongs to 

© 3 oo ' 6 3 = 6j_ . 
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This shows the statement on the singular values. By Lemma f2.3f ii) the resolvent 
difference (j4~2Tf belongs to the classes 6 p (L 2 (R n )), p > 

(ii) This statement is an immediate consequence of Lemma 14.181 and Theo- 
rem [4?20] below, which is of independent interest. □ 

The following theorem tells us that Agi p is close to the direct sum of the Neu- 
mann operators in the sense of spectral estimates for the resolvent differences. 

Theorem 4.20. Let f3 e C x (£) be real-valued and assume that (3 ^ on S. 
Further, let Af rcc and As'.p be as above and let An,; ©An. c be the orthogonal sum of 
the Neumann operators on the interior and exterior domain from (|4.20D . Then for 
all A £ p(As',p) H p(Aw,i © iN,e) the singular values Sk of the resolvent difference 

(4.29) (A s >,p - A)" 1 - (A N , ; e A N , C - A)" 1 

satisfy Sk = 0(k~ "- 1 ), k — > oo, and the expression in (|4.29[) is in & p (L 2 (W n )) for 
allp>^-. 

Proof. According to Theorem l4.17l the self-adjoint operator As< ,p is given by ker(Ti — 
0Fo), where 8 = f3 is the multiplication operator by j3 in L 2 (E). The assumptions 
(3 G C 1 (E) and (3 ^ on £ imply that ^ <7 e ss(@)- Note also that the closures of 
the values M(A), A e p(Aw,i © AN, e ), associated with {L 2 (S), T , Ti} are compact 
in I/ 2 (S); cf. Lemma T4. 41 Thus we can apply Theorem 13. 151 and as in the proof of 
Theorem 14. 19f i) we obtain the statement. □ 

Remark 4.21. Let T± and T2 be self-adjoint operators in a Hilbert space Jt. We 
write 

Ti --~ T 2 

if the difference of the resolvents of T\ and Ti belongs to &y j0 o('rl)- With this no- 
tation, Lemma \4.18[ Theorem \4--19\ and Theorem \4-2U\ can be illustrated as follows: 

3 2 3 2 

A Nj i©v4 NiC - —Ag' t p- — Af re e - — Ag,a ~ ~ ^D,i © A D ,c 
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